
Normat 58:3, 123�135 (2010) 123Density of rational points on plane urvesHugues VerdureInstitutt for Matematikk og StatistikkUniversitetet i Tromsø9037 TromsøNorwayHugues.Verdure�uit.noIntrodutionThe study of Diophantine equations, that is �nding integer solutions to a polyno-mial equation with integer oe�ients, is a really old branh of mathematis. Wean �nd examples on the subjet in India (Baudhayana, 800 BC), in Alexandria(Diophantus, 250 AC), Frane (Fermat, 1637). . .While Diophantine equations are easy to formulate, solving them might be a dif-ferent matter. The equations 3x + 8y = 7 and 3x + 9y = 7, while quite similar,have ompletely di�erent sets of solutions. The �rst one has in�nitely many (oneof them is x = −3, y = 2), while the seond one has none. Another example is thePythagoras/Fermat equations xn+yn = zn for n > 2. It is known sine Pythagorasthat the equation for n = 2 has solutions (x = 3, y = 4, z = 5 is one of them), andatually in�nitely many and all known. Fermat onjetured in 1637 that the otherequations for n > 3 have no solutions, exept the trivial ones, that is the one where
x, y or z are 0. He even laimed to have a proof, but the margin was not largeenough for the proof to �t in. The proof of the Taniyama-Shimura onjeture forsemistable ellipti urves by Wiles and Taylor in the early nineties, together withworks by Frey and Ribet implies that Fermat last theorem is now proved.A very related topi is the study of rational points on algebrai urves. This iswhat we propose to look at. We will give answers to the following questions: givena plane algebrai urve, how many rational points may lie on the urve? And, inase of in�nitely many points, are they dense on the urve (that is, given any pointon the urve, does there exist a rational point on the urve in�nitely near it)?This paper is motivated by the reading of an artile by Mazur [3℄ where he disussesa general onjeture on rational points on algebrai varieties, onjeture that heproves in the ase of plane urves : if a plane urve has in�nitely many rationalpoints, then they are dense on some algebrai omponents of the urve.The paper is organized as follows. In the �rst part, we look at urves of degree1, that is lines, in the seond part, we study urves of degree 2, or onis, while inthe third part, we see the ase of urves of degree 3. We always assume that theurves are irreduible.



124 Hugues Verdure Normat 3/2010The two �rst parts follow the same sheme. We �nd the number of rational pointsthat is needed for the urve to have rational oe�ients. One we have suh a urvewith a rational point, we build a bijetion, whih is ontinuous both ways, betweenthe urve and the real line, and that sends rational points to rational numbers.Sine Q is dense in R, rational points are dense in the urve.The third part involves more advaned mathematis. In this part, we take advan-tage of the fat that ellipti urves have a natural struture of abelian group. Weuse this to desribe a mapping, from a neighbourhood of the identity element to aneighbourhood of 0 ∈ R, that is bijetive, ontinuous both ways and that preservesin a way the group law. Then we show that the image of rational points by thismapping is dense round 0. In this part, we use results and notation from [4, 5℄.Density of rational points on a lineIn this setion, we shall see that on a line in the real plane, there are either norational points, or exatly one, or the rational points are dense on the line.Assume that we have two rational points on a line L, say P = (xP , yP ), and
Q = (xQ, yQ), with P 6= Q, and xP , xq, yP , yQ ∈ Q. If xP = xQ, then L is thevertial line L : x = xP , and the rational points are (xP , r), r ∈ Q, and this is ofourse dense in L. If xP 6= xQ, then the line L has equation

L : y =
yP − yQ
xP − xQ

x+
yQxP − yPxQ

xP − xQand the oe�ients are rationals. Then we have an homeomorphism between Land R given by (x, y) 7→ x, and rational points in both L and R are in one-to-oneorrespondane, whih proves that rational points are dense in L.It is also easy to give examples of lines with no or just one rational point:
L0 : y =

√
2x + 1 has obviously no rational point, while L1 : y =

√
2x has exatlyone, namely (0, 0).We have thus proved the following:Proposition 1. Let L be a line on the real plane. Then we have exatly one of thefollowing:1. There are no rational points on L2. There is exatly one rational point on L3. An equation of L an be written with rational oe�ients, and the rationalpoints are dense on L.Density of rational points on a oniA oni is an irreduible plane urve of degree 2, so it has equation

Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0.



Normat 3/2010 Hugues Verdure 125Suh an equation ould be reduible (we don't allow that here), in whih ase itis the produt of two lines, and we have essentially seen this ase in the previoussetion. We will also assume that it is not degenerate, that is, there are in�nitelymany points on the urve (we want to eliminate ases like the empty irle, or theirle redued to just one point). When it is not reduible, then no 3 points on theurve lie on a line. This is a onsequene of Bezout's theorem, but we give here asimple proof.Lemma 0.1. Let C : Ax2 +Bxy +Cy2 +Dx+Ey + F = 0 be a plane oni suhthat there exists 3 di�erent points on it whih lie on a line. Then C is reduible.Proof. By translating one of the three points to the origin, we an assume that thethree points are (0, 0), (x0, y0) and (tx0, ty0) for t 6= 0, 1. This also means that F =
0,Ax2

0+Bx0y0+Cy20+Dx0+Ey0 = 0 and t2(Ax2
0+Bx0y0+Cy20)+t(Dx0+Ey0) = 0,and in turn, (t2−t)(Dx0+Ey0) = 0. Sine t2−t 6= 0, this means thatDx0+Ey0 = 0,and also Ax2

0 +Bx0y0 +Cy20 = 0. It is then easy to see that any point of the form
(sx0, sy0) is on the urve, that is, a line of the form αx+ βy = 0 is inluded in theurve. We an assume that α 6= 0. Then as polynomials in the variable x, write

Ax2 +Bxy + Cy2 +Dx+ Ey = (αx+ βy)Q(x, y) +R(y)where Q(x, y) is a polynomial in two variables, while R(y) is a polynomial in just y(atually, a polynomial in two variables, but the eulidian division assures us thatthe degree in x is less or equal to 0). Then, for any y, let x = − β
α
y. It is a point onthe line, thus on the urve, whih means that R(y) = 0 for all y, and therefore Ris zero, and we have proved that

Ax2 +Bxy + Cy2 +Dx+ Ey = (αx+ βy)Q(x, y),hene the urve is reduible.From now on, we assume that we are given an irreduible non-degenerate oniof the form C : Ax2 + Bxy + Cy2 +Dx + Ey + F = 0. Then the urve is entirelyde�ned by 5 distint points. Namely, we have the following lemma:Lemma 0.2. Given 5 distint points on the plane, with the property that no 3 ofthem lie on a line, then there exists a unique oni that passes through those points.Proof. We are given the points P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3), P4 =
(x4, y4), and P5 = (x5, y5). By a translation, we may assume that P1 = (0, 0). Sine
P1, P2 and P3 do not lie on a line, the quantity x3y2−x2y3 6= 0, and we an de�ne
α = −y3

x3y2−x2y3
, β = x3

x3y2−x2y3
, γ = y2

x3y2−x2y3
and δ = −x2

x3y2−x2y3
, and onsider thehange of variables X = αx+βy, Y = γx+ δy. This is really a hange of variables,sine αδ − βγ = −1 6= 0. Moreover, sine the hange of variables is linear, onisare transformed to onis, and lines into lines. Finally, this hange of variables lets

P1 unhanged, and sends the points P2 and P3 to (1, 0) and (0, 1) respetively. Sowe might assume that the �ve given points are P1 = (0, 0), P2 = (1, 0), P3 = (0, 1),
P4 = (x4, y4), and P5 = (x5, y5).



126 Hugues Verdure Normat 3/2010We have to �nd oe�ients A,B,C,D,E, F that satisfy
F = 0

A+D + F = 0
C + E + F = 0

Ax2
4 +Bx4y4 + Cy24 +Dx4 + Ey4 + F = 0

Ax2
5 +Bx5y5 + Cy25 +Dx5 + Ey5 + F = 0This systems redues to
A(x2

4 − x4) +Bx4y4 = −C(y24 − y4)
A(x2

5 − x5) +Bx5y5 = −C(y25 − y5)The determinant of the system is
(x2

4 − x4)x5y5 − (x2
5 − x5)x4y4 = x4x5 (y5(x4 − 1)− y4(x5 − 1)) .This an't be 0, sine it would then mean x4 = 0, or x5 = 0 or y5(x4 − 1)− y4(x5−

1) = 0. But the �rst ase is the same as saying that the points P1, P3, P4 lie on thesame line, the seond, that the points P1, P3, P5 lie on the same line, while the thirdthat the points P2, P4, P5 lie on the same line, namely the line Y = y4

x4−1(X − 1)(or Y = y5

x5−1 (X − 1) if x4 = 1.) Then all the solutions are
A =

x4y4(y
2
5 − y5)− x5y5(y

2
4 − y4)

(x2
4 − x4)x5y5 − (x2

5 − x5)x4y4
C

B =
(x2

5 − x5)(y
2
4 − y4)− (x2

4 − x4)(y
2
5 − y5)

(x2
4 − x4)x5y5 − (x2

5 − x5)x4y4
CWe see that C = 0 leads A = B = C = D = E = F = 0 whih is absurd. Then

C 6= 0, and dividing the equation of the oni by C, we an assume that C = 1,and we have just proved that there exists a unique oni that passes through the 5points.We will now prove the following:Theorem 1. Let C : Ax2+Bxy+Cy2+Dx+Ey+F = 0 be a non-degenerate oni.If the urve has at least 5 distint rational points on it, then there are in�nitelymany rational points on it, and they are dense on the urve.Proof. Let P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3), P4 = (x4, y4), and P5 =
(x5, y5) be the 5 rational points. Sine it is a oni, one of the oe�ients A,B,Cis not zero, say A, and we may therefore assume that A = 1. Then we have to solvethe system

Bx1y1 + Cy21 +Dx1 + Ey1 + F = −x2
1

Bx2y2 + Cy22 +Dx2 + Ey2 + F = −x2
2

Bx3y3 + Cy23 +Dx3 + Ey3 + F = −x2
3

Bx4y4 + Cy24 +Dx4 + Ey4 + F = −x2
4

Bx5y5 + Cy25 +Dx5 + Ey5 + F = −x2
5



Normat 3/2010 Hugues Verdure 127From the lemma, we know that this system has a unique solution, and sine theoe�ients are rationals, then B,C,D,E, F have to be rational too.If we have a rational point P = (x, y) on the oni, with x 6= x1 (whih is alwaysthe ase exept for at most 2 points), then the slope of the line passing through P1and P is rational of ourse, being equal to y−x1

x−x1
. This gives a map between rationalpoints on C exept at most 2 points, and rational numbers. We show now that thismap has an inverse, namely, take a (almost any) rational number t, and onsiderthe line Lt passing through the point P1, and with slope t. Then this line will ross

C in another rational point. This will show that the number of rational points onthe oni is in�nite, but we will have to work a bit more to prove density.The line Lt has equation
Lt : y = tx+ (y1 − tx1).We replae y in the equation of C by this expression to �nd the x-oordinate of theintersetion points. This gives us

(

A+Bt+ Ct2
)

x2 +
(

By1 −Btx1 + 2Cty1 − 2Ct2x1 +D + Et
)

x

+
(

Cy21 + Ct2x2
1 − 2Cty1x1 + Ey1 − Etx1 + F

)

= 0If A+Bt+Ct2 = 0, then we just have one intersetion point, namely P1, but thishappens for at most 2 values of t. But if A + Bt + Ct2 6= 0, we know that thisequation has two solutions. We know one of them, namely x1, and the other, say
α veri�es

−x1 − α = By1−Btx1+2Cty1−2Ct2x1+D+Et
A+Bt+Ct2

x1α =
Cy2

1+Ct2x2
1−2Cty1x1+Ey1−Etx1+F

A+Bt+Ct2This shows that the other intersetion point is P = (α, β) with
α = −x1 −

By1 −Btx1 + 2Cty1 − 2Ct2x1 +D + Et

A+Bt+ Ct2and
β = tα+ y1 − tx1.The good thing is that sine we assume that t, x1, y1 ∈ Q, and we have provedthat A,B,C,D,E, F ∈ Q, then neessarily P is a rational point. It is not di�ultto show that the two maps are inverse of eah other, so that we have a bijetionbetween the set

C(Q)− {(x, y)|x = x1}and the set
Q−

{

t|A+Bt+ Ct2 = 0
}

.Sine the seond one is in�nite, the �rst one has to be in�nite too, and there arein�nitely many rational points on C. As for density, sine the map going from theseond set to the �rst set is obviously ontinuous, density of the rational numbersin R implies that C(Q) is dense in C(R).



128 Hugues Verdure Normat 3/2010Corollary 1.1. There are in�nitely many Pythagorean triples.Proof. The irle x2 + y2 = 1 has at least 5 rationals points, namely (1, 0), (−1, 0),
(0, 1), (0,−1) and (35 ,

4
5 ), the last one oming from the Pythagorean triple (3, 4, 5).We know therefore that there are in�nitely many rational points on this irle.Now, given any suh rational point, of the form (a

c
, b,c

) , with a, b, c positive, andrelatively prime, then a2 + b2 = c2, that is (a, b, c) is a Pythagorean triple, andthere are therefore in�nitely many.A natural question to ask is: what happens with less than 5 points? The answeris: there exists onis with exatly 0, 1, 2, 3 or 4 rational points. We shall give anexample of eah of them.Consider the irle C0 : (x−
√
2)2 + y2 = 1. If we expand this expression, we get

−2x
√
2 + (x2 + 1 + y2) = 0. If (x, y) is a rational point on the irle with x 6= 0,then √
2 = x2+y2+1

2x ∈ Q whih is absurd. Then x has to be 0, but then y2 = −1whih is also absurd. Thus the irle C0 has no rational point.Consider now the irle C1 : (x −
√
2)2 + y2 = 2. As we just did, we still anshow that if (x, y) is a rational point on C1, then neessarily x = 0. But this time,if x = 0, there is a rational solution for y, namely, y = 0, and so C1 has exatly onerational point, (0, 0).Consider now the irle C2 : (x −

√
2)2 + y2 = 3. Again, there are no rationalpoint (x, y) on the urve with x 6= 0. But when x = 0, we easily �nd two rationalpoints, namely (0, 1) and (0,−1), whih are therefore the only two rational pointson C2.If we want to have examples of onis with exatly 3 or 4 rational points, thenwe have to move away from irles. The reason is that with 3 rational points on airle, then the enter is also rational (as the intersetion of the midperpendiulars),the square of the radius also is, and this shows that the oe�ients of the oni anall be hosen rational, and we an ontinue the proof of the theorem from here.Consider then the ellipse C3 : x2+(

√
2+1)y2+

√
2y = 0. Sine √2 is not rational,the only way to satisfy this equation with x, y ∈ Q is when y2−y = 0. But if y = 0,then x = 0, while if y = 1, then x = ±1, whih shows that there are exatly 3rational points on C3, namely (0, 0), (1,−1) and (1, 1).Consider �nally the ellipse C4 : x2 + (

√
2− 1)y2 =

√
2. Sine √

2 is not rational,the only way to satisfy the equation with x, y ∈ Q is when y2 = 1, and then in turn,
x2 = 1. This gives that there are exatly 4 rational points on C4, namely (1, 1),
(−1, 1), (1,−1) and (−1,−1).Density of rational points on irreduible smooth ubisWe will now look at the ase of plane urves of degree 3, that is, ubis.Essentially, we needed 2 distint points to de�ne a line, 5 to de�ne a oni, andhere, sine we have 10 oe�ients, 9 points should be su�ient to de�ne a ubi.In the ase of lines an onis, 2 and 5 rational points implied an in�nity of suhpoints, and moreover, those points were dense on the urve. Can we expet that 9



Normat 3/2010 Hugues Verdure 129rational points on a ubi urve implies in�nity and density of suh points?The answer is no. Take for example the ellipti urve
y2 + 17xy − 120y = x3 − 60x2.This urve has exatly 15 rational points (16 if we work in the projetive plane):

(0, 0), (60,−900), (−30, 180), (24,−144), (−30, 450), (60, 0), (0, 120), (−12, 288),
(240, 1800), (154 , 225

8 ), (240,−5760), (−12, 36), (30,−300), (−40, 400) and (30,−90).This omes from theorems of Mordell (this urve over Q is of rank 0 as an abeliangroup), and Nagell-Lutz (that desribe the rational points of �nite order). Atually,Mazur proved in [2℄ that the struture of the torsion subgroup of the rational pointson an ellipti urve is one of few types. As a onsequene, if an ellipti urve has
17 rational points, it has in�nitely many.The previous example also shows that even if the oe�ients are rationals andthere exists a rational point, then there might be just a �nite number of rationalpoints, and of ourse density is even further away. The method that we used foronis doesn't work any longer. Of ourse, given a �xed rational point P1, then(almost) any other rational point P on the urve de�nes a line L through P and
P1 with rational slope, as for the onis, and we have therefore a well de�ned map

C(Q)− {few points} −→ Q

P 7→ slope of (PP1)But, ontrary to the onis, this map has no inverse: given t ∈ Q, we an of oursede�ne the line Lt going through P1 and slope t. This line intersets C at least in
P1. For the onis, we found exatly one other rational intersetion point, foundby solving a rational polynomial of seond degree with a rational root. Here, wean't guarantee anything. We get indeed a rational polynomial of degree 3, witha rational root. The polynomial might have no other real root (the line has nointersetion point other than P1), or two real roots (the line intersets the ubi intwo other points), but these roots are generally not rational.What happens if we have an in�nity of rational points? Are they then dense onthe urve? The answer is again no, as an example will later show.Irreduible smooth ubi with a rational point have another name, ellipti urves(by smooth, we mean also smooth at in�nity). It an be shown that by a hange ofvariables, they have a partiular form. As mentionned earlier, the "right" way tostudy these urves is to de�ne them over the projetive plane. As we will work indi�erent a�ne harts, we give the general de�nition. We refer to [4℄ for the theoryon ellipti urves.De�nition 1. An ellipti urve E over a �eld K of harateristi zero is a urvein P2(K) given by an equation

E : Y 2Z = X3 + a4XZ2 + a6Z
3with −4a34 − 27a26 6= 0.



130 Hugues Verdure Normat 3/2010One point here is �speial�, the only point not lying in the a�ne plane Z = 1,namely the point O = [0, 1, 0], usually alled the point at in�nity. Given a �eld K,de�ne
E(K) =

{

P = [x, y, z] ∈ P2(K), y2z = x3 + a4xz
2 + a6z

3
}

.We an de�ne an abelian group struture on the set E(R): given two points P,Q,draw a line (PQ) (or the tangent to the urve if P = Q). This line intersets E(R)in exatly a third point R. Then draw a line (OR) (or the tangent if O = R).This line intersets E(Q) in a third point S. Then de�ne P + Q = S. The grouplaw is in�nitely di�erentiable. Moreover, if P,Q ∈ E(Q), then P +Q ∈ E(Q) too,whih makes E(Q) a subgroup of E(R). Finally, sine P2(R) is ompat, and E(R)is losed in P2(R), then E(R) is ompat too.

Figure 1 : Addition in the a�ne planeThere are two types of ellipti urves de�ned over R: E(R) has either 1 or 2onneted omponents, depending on the number of real roots of X3 + a4X + a6(or equivalently, the number of points of order 2).
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Figure 2 : E : y2 = x3 + x and E : y2 = x3
− x with one and two omponentsWe shall denote by E(R)O the omponent that ontains the point at in�nity,alled the identity omponent. We shall now prove the following:Theorem 2. Let E : y2 = x3+a4x+a6 be an ellipti urve over Q with an in�nitenumber of rational points. Then E(Q) ∩ E(R)O is dense in E(R)O. Moreover, inthe ase of a seond onneted omponent, then E(Q) is dense in E(R) if and onlyif there exists a rational point on it.We shall need a few lemmas to prove this result.Lemma 2.1. Let V be any open neighborhood of O. Then there exists an openneighborhood W of O shuh that for all P,Q ∈ W , −P ∈ W and P +Q ∈ V .Proof. Sine we are interested in what happens round O, we will work in the a�neplane Y = 1. There, the urve has equation

E : z = x3 + a4xz
2 + a6z

3and O = (0, 0). Note that we have −(x, z) = (−x,−z). Let f(x, z) = x3 + a4xz
2 +

z3 − z. We have
∂f

∂z
= 2a4xz + 3a6z

2 − 1,and therefore ∂f
∂z

(0, 0) = −1 6= 0. By the theorem of impliit funtions, there exists
a > 0 and g : (−a, a) −→ R in�nitely di�erentiable suh that

{(x, z), f(x, z) = 0} ∩ (−a, a)× R = {(x, g(x)), x ∈ (−a, a)} .Note that g is an odd funtion. Let V ′ be the image of V in the a�ne plane Y = 1,and
V ′′ = {x, ∃z ∈ R, (x, z) ∈ V ′} .



132 Hugues Verdure Normat 3/2010This is an open set of R ontaining 0, so we an �nd b > 0 suh that [−b, b] ⊂
V ′′ ∩ (−a, a). Consider the funtion

ϕ : [−b, b]2 −→ R

(x1, x2) 7−→ x ((x1, g(x1)) + (x2, g(x2)))where + is addition of points on the urve, and x(P ) denotes the x-oordinate of
P . This funtion is in�nitely di�erentiable. In partiular, on the ompat [−b, b]2,there exists kb > 0 suh that

|ϕ(x1, x2)| 6 kb||(x1, x2)||, ∀x1, x2 ∈ [−b, b].Take c = b

kb

√
2
. Then

∀x1, x2 ∈ (−c, c), |ϕ(x1, x2)| 6 kb

√

x2
1 + x2

2 6
√
2kbc = b.Take now W = {(x, g(x)), x ∈ (−c, c)}.Lemma 2.2. Let V be any open neighborhood of O. Then E(Q) ∩ V is in�nite.Proof. Let W be the open neighborhood from the previous lemma. For P ∈ E(R),let

WP = {P +Q, Q ∈ W}whih is an open neighborhood of P sine the group law and inverse are ontinuous.We obviously have
E(R) =

⋃

P∈E(R)

WP .Sine E(R) is ompat, there exists a �nite number of points P1, · · · , Pn suh that
E(R) =

n
⋃

i=1

WPi
.Sine E(Q) is in�nite, there exists a point, say P1, suh that WP1

∩E(Q) is in�nite.Fix Q ∈ WP1
∩E(Q) and onsider

θQ : WPi
∩ E(Q) −→ V ∩ E(Q)
R 7−→ R−Q

.This is well de�ned: let R ∈ WP1
∩ E(Q). Sine E(Q) is a group, then θQ(R) =

R − Q ∈ E(Q). There exists Q̃, R̃ ∈ W suh that Q = P1 + Q̃ and R = P1 + R̃.Then θ(R) = R − Q = R̃ − Q̃ whih is in V by de�nition of W . θQ is of ourseinjetive, whih shows that V ∩ E(Q) is in�nite.Lemma 2.3. The di�erential dx
1−2a4xz−3a6z2 is invariant, meaning that if Q ∈ E(R)is �xed and P = (xP , yP ) ∈ E(R) is variable, then

dxP+Q

1− 2a4xP+QzP+Q − 3a6z2P+Q

=
dxP

1− 2a4xP zP − 3a6z2P
.



Normat 3/2010 Hugues Verdure 133Proof. See [4, Proposition III.5.1℄, whih gives an �elegant� proof, and a hint for astraightforward but messy proof.Lemma 2.4. There exists open neighborhoods V and U of O and 0 respetively, anda homeomorphism L : V −→ U suh that if W is the neighborhood of lemma 2.1,then
∀P,Q ∈ W, L(P +Q) = L(P ) + L(Q).Proof. Let a, g be as in the proof of lemma 2.1, and V = {(x, g(x)), x ∈ (−a, a)}whih is an open neighborhood of O. Sine g(0) = 0, reduing a if neessary, wemay assume that 1− 2a4xg(x)− 3a6g(x)

2 > ǫ for 1 > ǫ > 0 on (−a, a), so that theintegral
M(t) =

∫ t

0

dx

1− 2a4xg(x)− 3a6g(x)2
, t ∈ (−a, a)is well de�ned. De�ne

M : V −→ R

P 7−→ M(xP )
.Then, for P,Q in W , we know that P +Q ∈ V . Moreover, we de�ne

L(Q) =

∫ xQ

0

dxR

1− 2a4xRg(xR)− 3a6g(xR)2

=

∫ xP+Q

xP

dxP+R

1− 2a4xP+RzP+R − 3a6z2P+Rwhih in turns gives
L(P ) + L(Q) =

∫ xP+Q

0

dx

1− 2a4xg(x) − 3a6g(x)2
= L(P +Q).

M is obviously in�nitely di�erentiable, and sine M ′(0) = 1, reduing the openneighborhood if neessary, we an assume that M (and therefore L) is an homeo-morphism from V onto its image.Lemma 2.5. Let L, V, U,W from the previous lemma and let G = L(E(Q)∩W ) ⊂
L(W ) . Then G = L(W ).Proof. Let x ∈ L(W ). Assume that x > 0 for simpliity. Let ǫ > 0 small enoughso that {y ∈ U, |y − x| < ǫ} ⊂ L(W ).. We shall show that {y ∈ G, |x − y| < ǫ} 6= ∅.The set L−1((−ǫ, ǫ)) is an open neighborhood of O, and has therefore an in�nitenumber of rational points from lemma 2.2. Let P 6= O be one of them, and taking
−P if neessary, we may assume that x(P ) > 0. Let ξ = L(P ). Then 0 < ξ < ǫ.Write x = nξ + ρ with n ∈ N and 0 6 ρ < ξ. We show by indution that nP ∈
W ∩ E(Q) and nξ = L(nP ) ∈ G. This is true for n = 1. Assume that it is true for
n − 1. Then (n − 1)P, P ∈ W ∩ E(Q), so that nP = (n − 1)P + P ∈ V ∩ E(Q),and nξ = (n− 1)ξ + ξ = L((n− 1)P ) +L(P ) = L(nP ). Now, |L(nP )− x| = ρ < ǫ,whih means that nP is aually in W sine L is an homeomorphism. That showsthat nξ ∈ G.



134 Hugues Verdure Normat 3/2010We an now prove the theorem:Proof. The set E(Q) ∩ E(R)O is by de�nition losed in E(R). By the last lemma,there exists an open O suh that O ∈ O ⊂ E(Q) ∩E(R)O . Then, for any point
P ∈ E(Q) ∩E(R)O , P ∈ OP ⊂ E(Q) ∩ E(R)O, whih shows that E(Q) ∩ E(R)Ois also open in E(R). Sine it is obviously a subset of E(R)O whih is a onnetedomponent of E(R), we have proved the �rst part of the theorem.If there exists a seond omponent with a rational point Q on it, then we have anhomeomorphism

E(R)O −→ E(R)Q
Q 7−→ P +Qwhih shows that E(Q) ∩ E(R)Q is dense in E(R)Q, and therefore E(Q) dense in

E(R).Remark. We never used the fat that the points were in E(Q). The only thingwe used was that it was a group with an in�nite number of points. We atuallyproved that any in�nite subgroup of E(R) is dense in the identity omponent. Thisresult is well known and an immediate onsequene of standards results on in�nitesubgroups of E(R) = R/Z or R/Z× Z/2Z.As promised earlier, here is an example of a urve with an in�nite number ofrational points, but those are not dense on the urve (by the theorem, we knowthat they are dense in the ompenent of the point of in�nity though). Considerthe urve E : y2 = x3 − 47088x − 2522880 in the a�ne plane. An appliation ofthe Mordell-Weil theorem tells us that the group E(Q) is generated by 2 points,namely P1 = (240, 0) whih is a point of order 2, and P2 = (8304/25, 537408/125)whih is a point of in�nite order. Both of them lie on the onneted omponent of
O. And there are no rational point on the other omponent. Namely, if P,Q are onthe identity omponent, then P +Q is there too. By symmetry, −Q is there, andwe have a ontinuous map

λQ : E(R)O −→ E(R)
R 7−→ R+Qsuh that λQ(−Q) = O and λQ(P ) = P +Q. That means that both O and P +Qare on the same omponent. Sine both generators are on this omponent, all therational points have to be. The next �gure plots nP2 for n ∈ [1, 1000] (in blue),while the urve is in red.
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Figure 3 : nP2, 1 6 n 6 1000 in blue , and E(R) in redDensity of rational points on urves of higher degreeWe won't try to prove anything in this setion, as this is far beyond the sope ofthis artile. We mention that in 1983, G. Faltings [1℄ proved that on these urves,the number of rational points is �nite.Referenes[1℄ G. Faltings, Endlihkeitssätze für abelshe Varietäten über Zahlkörpern. Invent.Math. 73 (1983), 349�366; Erratum ibid. 75 (1984), 381.[2℄ B. Mazur, Modular urves and the Eisenstein ideal. IHES Pub. Math. 47 (1977),33�186.[3℄ B. Mazur, The topology of rational points. Exp. Math. 1, No.1, 35�45, 1992.[4℄ J.H. Silverman, The arithmeti of ellipti urves. Number 106 in Graduate texts inmathematis, Springer-Verlag, New York, 1986.[5℄ J. H. Silverman, and J. Tate, Rational Points on Ellipti Curves. UndergraduateTexts in Mathematis, Springer-Verlag, New York, 1992


