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-

M : Coo
,
connected

,
214=0 .

C. CM )
,

ICM ) ,
R.CM )

functions , vector fields
, forms

A metric
og on M is a non - degenerate section of S2T *

M
.

We do not

demand that g be positive - definite .

A pair ( M
, g) is a view airman

manifold .

The Fundamental hernia of Riemannian geometry says that

(Mig ) admits a unique affine connection 17 ( the kai - Civita connection)
which is

• metric : 17g = 0

• torsion - free : 17×4 - th , X
= [4,43 VX

,
YE ICM )

Exercise Devine the Koszol formula :

2g 47×4 ,
E) = Xlg ED +4 ME ) - ZGLXY )

- GIX , 1%73 ) - 94,5473 ) -1 gtt , AND

Every mathematical structure admits a notion of automorphisms . In the

case of a riuoauuian ( M , g) these are the isometries : diffeomorphism
4 : M → M sit . 4*g=q .

At least when g is positive - definite or

login ( signature In -1,11
,

n -

- him M ) ,
isometries define a finite - dimensional

tie group . Its lie algebra consists of the killing vector fields ! Be * IM )
set

.

I gg = 0 ⇒ killing nectar fields define a lie subalgebra of HIM ) .

We can reunite this equation in a more useful form .

Lemme
-

SEAL M ) is killing iff Ag : TM → TM
, defined by AS1X ) = -17×3

is skew - symmetric : g(As X ,
Y ) = -

g ( X , Ag 's ) .

Proof 0=4 , g) 4,42 =3 IG1X ,y )) - gl [ 4×3 ,
Y ) - g ( X , 13,43 )

17g :O gLBX,Y ) + GIX , BY ) - gl [ 4×3 ,
Y ) - g ( X , 13,43 )

= g X - [4×3 , Y ) + GCX, BY - [443)

17 is
g (17×5,7) + g ( X , THE )torsion - free 8



This still does not show that the lie algebra of killing vectors is finite - dimensional .

That will follow from killing 's identity . Recall
,
§ killing # Age SICTM )

.

Let's differentiate AB : BA 's ESILTM )
.

# As KY ) = 17×1 ASH )) - AS1R, Y ) = - 17×17×5 + 17%+3

:# As )LY ) - Ilya 's )lX ) = -17×43 + Myth 's + Thay 's -17%+3
this - [ 17,17×33 + Rex

, yo
's

torsion - free

RC4Y)= - Rey ,×k algebraic
= RH1Y ) 'S ldefinition of R )

Bianchi identity - RLY
,
E) X + RCX

, 5) Y
A } ,

R His )
C- SICTM )

Define SIX ,Y , 7) i. = g( LT4A} - RH
, Y

, 7) .

Then 5144,7 ) E- SIX ,-2,7 )

but also SC4Y , 7) = 54,47 )
.

⇒ 5=-0 ⇒ D×A¥ killing's identity

let E : := TM ④ SILTM )
,

a rank - nMz real VB over LM"

, g) . Define a

• media Done to
# (E) =L µ , )=f¥ , )

Proposition ( killing transport)

Be # CM) is killing ⇐ ( Ig) E ITE ) is D- parallel
*

dim { oe ITE ) ( Do = of 5 rank E since parallel sections are uniquely

determined by their value at any given point .

IM connected ! )

Upshot

KV1M , g) ⇒ { BEHIND ) Egg = of is a real lie algebra and dim KV1M
"

, g) I "n .

We
say that CM"

. g) is maximally symmetric if dim KV1M '
, g) = MIX .

Euclidean space

Exawpk_ Take M "
= 1A "

with affine coordinates 1×5 . . . ,xn ) and got ? Ldx it .

Then
17¥,

= ¥ .
and R = 0

,
so if I = [ Biff is killing ,

then killing 's
µ

" In - ' %

identity says § , ¥.
3k = 0 ⇒ 3k = qkt¥kex

'
where the = - D

'
r

n

i. 4th ,
%) is maximally symmetric .

The lie algebra KV1H , go) is the euclidean

lie algebra .



let 1M , g) and I E KV1M , g) .

Then LB
,
33 EKVCM.gl

.

What is the killing
transport data associated with [ 5,53 ? [ 5

,

= Dg 's -17g 'S = As S - Ag 's
,

and hence

A- [ § ,wlX ) = - 17×13,93=-17×1 A } 's - Ag 's )
= -47 As )l 's ) - As 5) + ( BASIL 'S ) + As # 5)
= - RLX

, E) It A§AyX + RLX , 3) § - AgAgX
= RL6

, 5) X + [ Ay , AY7X

i. 1%1.1%11=4 and
.

. .

i. For C1A ' , go ) ,
12=0

,
hence KV4A '

, go )
£112 "

⑦ SICN ) and

for all A. BE ECN , my EIR
"

, [ A ,B ] = A. B- B. A

[ A ,
I = Ax ]

euclidean lie algebra

[ x , y ) = 0
IRNX Ich ) or

O→lRh→ e. → seen ) -70

-

Remains ① R is the obstruction to KV1M
, g) to be a lie subalgebra of En

in general ,
KV1M , g) is a filtered lie algebra 4 ⑤ V

, he seen ) ,

Va IR
"

with fdeg 4=0 , fdegV= - I
,

and the associated graded
lie algebra is a lie subalgebra of en

. G- KV of the flat model ! )

② Maximally symmetric ( M , g) have dim KV1M , g) =hMz .

What are about sub - maximally symmetric ? Can one have CM , g) with

dim KV1M , g) = "I - I ? There is a gap
! ( Ask Boris & Dennis ! )

③ we shall be interested in location manifolds ( M "

, g) where g
has signature In -1

, 1)
.

The flat model is Minkowski spacetime
HAN

,
9) where relative to affine coordinates 1×0 , k 's . . . ,x

" " ) the metric

is given by 7 = - old xD 't Cd 4 . . - + ( dit ' )2
[ speed of light ( often CE1 )

radius 70

1

Example① the word spheres 5
"

= G-
'
(e) a IR

" "

, q : IR
" "

→ IR

Any orthogonal linear transformation
" ' → " " "

an Ax ,
At 01mi ) is an isometry .

The lie algebra of Ocnei )

is Mn - dimensional ⇒ 5 " is maximally symmetric .



c- Minkowski spacetime - ¥14 E. # if [ radius of

② Hyperbolic space H
"

a M
" '

as { 49×1 , . . . ,×n ) EIM
" '
f y "( × ,

× ) = - I }
math

Every Lorentz transformation A : IR
" "

→ R " " with 91 Ax , Ay f- q(x , y )
is auisome.by .

The lie algebra seen , 11 of lorentz transformations has

dive = MIX & hence H " is maximally symmetric .

H "

↳m.in?..:::::i::s::::' " "÷:÷ .

.

symmetric
is singular at x - 0

.
The future and past tightwads

~

are not singular ,
but they do not admit ( invariant ) tight

core

metrics : they admit a carrollton structure
.

④ Anti de sitter spacetime Adsn a IR
" '

, { xe IR
" " I ⇐ 54 - text 't - ④ for "5=

radius

maximally ← KV ( Adsn ) I EE ( n - I
, 2) of curvature

symmetric

Remarks Typically , we define (A) ds space times as the universal covers of the

above goading
e. g. , Adsz I SL12 ,

IR ) whereas the quadnic is a 5h12 ,
IR )

.

Theory A simply - connected
, maximally symmetric view airman ( resp . hhentgiau )

manifold is isometric to euclidean space , Sfl ) or Hll )
( Mp .

,
Minkowski

,
dsll ) or Ads (e) spacetime ) 7 ! I > 0

.

Proof If dim KVCM "

, g) = "n , then the killing transport connection D on E

is flat
.

We calculate its curvature :

RD4Y ) (1) = Dexys (£ ) - fDx
, (f)

→
Exercise !

(
0 ← algebraic Bianchi and 17 torsion - hee

-

47g Rt [ A ,RJ)lX,Y ) ) ← differential Bianchi

But for maximal symmetry ,
we can choose 5

,
A independently and arbitrarily at

any point .

Therefore , 17g R = 0 for all BeTpM and all pe M ⇒ ( M
, g) is locally symmetric

and [ A ,
R ] = 0 for all AESILTPM ) and all pe M ⇒ Rp : NTpM → IL4M )

is CTPM) - equivalent .

This means that

RCX , YIZ = 744,7 )Y - g( Y , 7) X ) 71 EC9M ) but 1712=0 ⇒ 7 is constant
.

so CM
, g) has constant sectional curvature

. One calculates the Riemann curative

of ten
, 1M

"

,
S "

,
Hn

, dsn ,
Adsn and one sees they have constant sectional curative with

ya Yea . So LM , g) is locally isometric to one of them & one passes to their universal covers . OR


