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Last time
,

we met the maximally symmetric riemannian and loreutgian
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They have constant sectional curvature :
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The lie algebras of isometries of S " "
, H

" "
,

dSn+ , and Ads
n+ , are slain ) simple .

For the flat examples E " "
and IM

" "
,

the lie algebra of isometries is

not semisimple : the translations span an ideal .
Indeed ,
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There is an obvious geometric limit ( Zero curative limit )

relating 5 " H" ' to E " " and
, similarly , AdSn+ ,

or dSn+
,
to 1M

" "

.

Such geometric limits induce contractions of the lie algebras
of isometries

.

A ( real , f. d.) lie algebra consists of a vector space g and a

bracket f- , -3
'

- Ng → 9 obeying the Jacobi identity . If
YEGLIG ) , then [ × , y

:= 454-4,4-43

defines another lie algebra structure on 9 which is isomorphic



to 19,41 ) .

Let 019,4-3 ) = { (9,4-4)/4 C- GH9B
.

A lie

algebra ( 9,51 . ) is said to be a contraction of 19,51 ) if
19,53 . ) ¥ 19,11 ) but (9,4-10) E 04¥ lie : the closure of the

orbit .) A more concrete way to describe contractions is this
.

Let 4
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E GLCG ) for ee ( 0,17 with 4
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= id
. Then the

limit Gig He may
not exist ,

but if E- to ÷ LIFE , -4
,

does
,

then by continuity , 19
,
E
,

- So ) is a lie algebra .

Exawp# ( Zero - armature limit )

The l→o limits of H " 'll )
,
5-" Ill

, dsne.tl ) ,
Ads

,
ll ) give

either Tt " ' ( in the view avian cases ) or 1M " " ( in the loieubgian cases ) .
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OEMNEN YYE ( June ) = l June '
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, June , )y = - tea JM0 → 0
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I
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All these lie algebras ( I lntz ) , EC1 , mis , EC2M ) , Emi , Pati ) are

examples of kinewatical lie algebras ( with space isotopy ) .

Definition A kinematic al ke algebra ( with n - dimensional space isotopy )
is a real lie algebra by of dimension satisfying the following :
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we normally write the basis of a KLA by as { J:b ,
Ba

,
Pa

,
H )

seek If §
but we

abbreviate the kinematic al lie brackets as

:[J , JJ = J [ 5,133=13 [ J , P3 =P 53 , HS=0

Different KLAS are characterised by the additional lie brackets :

( M , g) [ B , BP [ B. PJ IP
,
PJ FH ,

B) LH ,
PJ

¥JP-B
H - J H J P B
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Different limits to the zero - curvature limit are obtained by taking the

speed of light a to either 0 or •
.

The c -70 limit is called the

carrollton for ultra - relativistic ) limit
.
The light cone cat '=H4t

collapses to the time axis in the c- so limit
. The name

"

carnelian
"

was coined by levy - heblond in reference of Lewis Carroll 's ' Alice in

Wonderland
'

. ( of . Red Queen ) the limit c→o is called the galilean
( or non-relativistic ) limit : the light cone collapses to the plane t=o

.
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At the level of the KLA
,
the canonical limit is obtained by

4. ( It = J 4cL B) = EB Ya =P YCCH ) = I H ( and a → o )
whereas the galilean limit is obtained by
4%41=5 4yd B) = a B YELPS = a P 4±CH)=H ( and I → o )

.



Under the carnelian limit :
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Under the galilean limit

( M , g) [ 13,133
IB.PT/P,PJfH,BJfH,PJsFHt-JP-BlgNewton-Hoohe
H - JI HE JE P B

http://.it#ii::Ad5JEaHIe
JE

- p B

IM JEE HEE 0¥ - P 0 Galilean
-

In general , there are several other isomorphism dames of KLAS !

[ H , B) = 813 IH ,P ] =P YE ft ,
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[ 4,131 = XBTP It ,
= XP - B X > 0

are ±
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Khts

For n=3
, the X product VXV → V gives more KLAS

For n=2
,

the symplectic structure VxV→S does too
.

For n⇒ , any sad this binermatecal ( Bianchi 1898 )
For me

,
71

. I - dime LA
.

The classifications of KLAS follow using deformation theory of the

static KLA wheieallnon-hinematical.li brackets vanish .


