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Abstract

In this paper we generalise the classical notion of state of a probabilis-
tic system to include a nontrivial minimal bound on the class of observ-
ables. A product is introduced and the resulting structure is shown to
be a monoidal category. Probabilistic relations are defined and composi-
tions of relations is introduced. The resulting structure is also a category,
the category of probabilistic relations. Finally we embedd the category
of probabilistic relations into a category of bimodules and show that in
this context it is possible to quantize some aspects of the probabilistic
description.

1 Introduction

>From a deterministic point of view a physical system is described in terms of
its state space. This is a set whose elements label the possible distinguishable
states the system in question might assume. The state of the system at any
point in time is from this point of view fully determined only when a unique
label from the set of possible labels is assigned.

In many cases the state spaces are however so large or our means of observa-
tions so weak that a deterministic state description can not be found. For such
situations a probabilistic approach is used. The states of a physical system are
now labelled by probability spaces (Q, B, u). Here we deviate somewhat from
the usual idea that the state of a system is a point in a probability space. The
resoning is that in order to specify the state of a system we must specify the
observable events and assign a probability to each such event. The spesification
of the algebra of observable events and the assignment of probabilities to them is
really what constitute a state. This is a point of view that includes both classical
systems and quantum systems. For the quantum case the algebra of events form
a orthomodular lattice whereas in the classical case we have a boolean algebra.
For the quantum case the algebra of events can be represented as the algebra
of subspaces of a Hilbertspace whereas in the classical case we get a algebra of
subsets of some set. These are however only convenient representations of the



state and is usually not unique. In this paper we assume that for each state a
particular representation in the form of a probability space is choosen and thus
a state becomes a probability space. From this point of view the notion of map-
pings of spaces assumes a central role, they are the only means of comparing
different states of a system. Properties of the system must be described in terms
of maps between states. This leads us directly to the categorical point of view
which is the point of view we have on probability theory. The book [14] gives
and excellent elementary introduction the categorical view of mathematics, a
more advanced introduction can be found in the book [7]

Let a state, that is a probability space, (2, B, u) be given. Here {2 is a set,
B is a class of subsets of €2 that are the observables for the system in question
and p is a probability measure that assign a probability to each observable in
B. The class of observables is assumed to contain the empty set @,the whole
set €2 and is closed under countable union and complement. The fact that B
contains at least ) and Q means that for any state at least these two events
are observable. We are thus putting a lower bound on the class of observables,
meaning that the class of observables should at least contain the empty set and
the whole set.

In this paper we explore the consequences of assuming lower bounds on
the set of observables different from the standard ones described above. More
precisely we assume that for each probabilistic state X = (Qx, Bx, ux) there
is assigned a sub o-algebra Gx C Bx. All the algebras Gx are assumed to be
isomorphic to a single algebra G. For the standard situation G is equal to the
Boolean algebra Bj of all subsets of a one element set. Probabilistic states with
an assigned subalgebra Gx is called a probabilistic bundle. The probabilistic
bundles are the objects in a category where arrows are absolutely continuous
maps. We construct a product in this category and prove that the product
defines a monoidal structure on the category of probabilistic bundles. For finite
distributive lattices the monoidal structure was studied in [11].

The notion of independence between two probabilistic states is defined in
terms of the product and is shown here to depend on the choice of minimal
bound on the set of observables. This means that states that from a classical
point of view are dependent can be independent for some choice of minimal
bound G # Bs.

>From a deterministic point of view a relation between two sets Q0x and
Qy is a subset of the product Q2x x Qy. A probabilistic relation is triple
(Qx x Qy,Bxy,uxy) where Bxy is a class of deterministic relations that is
assumed to form a o-algebra and where pxy is a measure on Bxy. A proba-
bilistic relation is thus itself a probability space. We show that any morphism of
probabilistic bundles is in fact a special kind probabilistic relation, and we de-
fine a composition of relations that reduce to the composition of maps when the
relations corresponds to maps. The probabilistic bundles together with proba-
bilistic relations is shown to form a (weak) category R(A) and we extend the
product to this category.

The category R(A) formalizes the notion of state space from a probabilistic
point of view. Objects in this category are states and arrows are relations



between states. In the last part of this paper we show that the category R(A)
can be mapped into the category of A-A bimodules. Here A is a C* algebra
related to the minimal bound G. This functor thus gives an algebraic description
of the state space, it is a subcategory of a category of bimodules. We show that
with this algebraic embedding it becomes possible to deform or quantize aspects
of the probabilistic state spaces.

2 A Monoidal Category of Probability Spaces

2.1 Probability Spaces

In this section we define what a probability space will mean in this paper.
Certain natural restrictions are made on the general concept of an abstract
probability space in order for our constructions to make sense. We organize
probability theory using the categorical framework as this leads to constructions
that are natural. In fact category theory was invented in order to formalize the
notion of canonical or natural constructions in mathematics. The basic idea in
category theory is to organize any modeling and theory construction in terms
of objects and arrows. These are the only primitives in the theory. Note that
arrows are also called morphisms, both terms will be used in this paper. Each
arrow points from one object to another and there is a associative composition
of arrows defined. The description of a category is completed when an arrow
that acts as left and right identity for composition is identified for each object.
We get a concrete example of a category if we let objects be sets with some
structure and arrows be structure preserving maps. For such examples arrow
are maps, but in general they need not be maps. In this paper we will discuss
probabilistic relations and show that they are arrows in a category. It will be
evident that they are in general not maps of sets.

The goal of this section is to define a category whose objects are probability
spaces and whose arrows are maps of probability spaces. Natural restrictions
are made on both probability spaces and maps of spaces in order to get a well
behaved category. In this way category theory will constrain what probabil-
ity spaces and what maps between probability spaces should be. Recall that
probability spaces are to be thought of as states of physical systems so we have
placed restrictions on what kind of states to allow. The allowed states form the
objects in our category. Thus the category is in effect the space of states of
physical systems. Arrows are possible transformations of states. Probabilis-
tic relations should then be thought of as the possible relations that can exist
between physical states.

A measurable space [5] is a pair X = (Qx, Bx) where Qx is a set and Bx is
a o-algebra on Qx. A measurable map f: X — Y is a map of sets Qx — Qy
such that f~1(A) € Bx for all A € By.

Let 2 be a set and let 7 be a topology on ). In this paper the term topol-
ogy is taken to mean a second countable, locally compact Hausdorf topology.



Note that any such space is metrizable, Polish and o-compact.A Borel structure
corresponding to a topology 7 is the smallest o-algebra containing the topology
7 and is denoted by B(7). A Borel space is a measurable space where the o-
algebra is the Borel structure. Any continuous map f : (Qx,7x) — (Qy,7y) is
measurable with respect to the Borel structures B(7x) and B(ry).

Note that with our restriction on the topology any Borel space is a standard
Borel space in the terminology of descriptive set theory.

Let (Q2, B(7)) be a Borel space where 7 is a topology on Q and let Y C Q be
a subset. Define the restriction of 7 and B(7) to Y by 7¥ = {ANY | Ac 7}
and B(r)Y = {BNY | B € B(1)}. Clearly B(r)Y is a o-algebra on Y. We
could however also define a o-algebra on Y by B(7Y). These two o-algebras on
Y are always the same B(7)Y = B(rY).

Note that for a general set Y, 7y is not a topology in the restricted sense
used in this work. In order to ensure that it is locally compact the set Y must
be closed or an intersection of an open and a closed set.

A measure space is a triple X = (Qx,Bx, px) where (Qx,Bx) is a mea-
surable space and px is measure on (Qx,Bx). By probability space we mean
a measure space X where Bx = B(7x) for some topology on Qx and where
px(Qx) = 1. Note that since 7x is second countable every measure is auto-
matically regular [3].

Let X = (Qx, Bx) be a measurable space and let vx and px be two measures
on X. Recall that vx is absolute continuous with respect to px if vx(U) =0
whenever px (U) = 0. When vy is absolute continuous with respect to ux we
write vx < px. If we have both ux < py and py < px then the measures are
equivalent and we write ux ~ py.

Let X and Y be two probability spaces and let f: (Qx,Bx) — (Qy, By) be
a measurable map. Define a second probability measure f.ux on (Qy,B(my))
by

fenx (V) = px (f7H(V))

for Ve B(ry).

A map f of probability spaces is absolute continuous iff f.ux < py. Ob-
viously, the identity map is absolute continuous and composition of absolute
continuous maps is absolute continuous too. This completes our description of
the category of probability spaces

Definition 1 The category of probability spaces will be denoted by P. Objects
in this category are probability spaces as defined in this section and arrows are
measurable, absolutely continuous maps.

The existence and properties of all constructions in this paper are ultimately
relying on properties of the category P. In the next section we will begin
exploring these properties. Here we will only describe the terminal object and
isomorphisms in the category. Recall that a terminal object in a category C' is
a object T such that there exists a unique arrow from any object X to 7. The
importance of terminal objects in category theory is that they can be used to
define points. Let X be a object in a category with a terminal object T. Then



a point in X is a arrow from T to X. This describes the notion of points in
terms of the primitives of category theory, objects and arrows. Not all categories
have a terminal object, but for the one that does it is important to identify. The
terminal object in the category of probability spaces is the one point probability
space T' = (Qp, B(1r), ur) where Qp = {x}, B(rr) = {9, {*}} and pr is the
only possible measure on this space. Evidently all maps f : Qpr — Qx are
measurable and if py = f(x) € Qx then it is easy to see that f is a point
in X if and only if ux is a discontinous measure with px(ps) # 0. Thus
objects X with a continuous probability measure px have no points! This is
another reason for not considering the points of Qx to represent states of a
physical system modelled by the probability space X = (Qx, B(7x), px). Many
states have no points. In category theory points are derived not defined. If
X = (Qx,B(rx), px) with ux = ¢, the delta measure consentrated at a point
x € Qx, then X is a state in the usual sense. It is trivial but satisfying that in
this case the state X has exactly one point in the categorical sense. This point
is the arrow f: T — X defined by f(x) = .

An isomorphisms in any category is an arrow f : X — Y such that there
exists an arrow g : Y — X with fog =1y and go f = 1x. Since in our case
an arrow, f, is a measurable map we must clearly require that f is bijectivé.
Note that a bijective measurable map between measurable spaces does not in
general have a measurable inverse. For our case however the Borel structures
are generated by Polish spaces and for this case any injective measurable map
f: X — Y will by the Kuratowski Theorem [5] satisfy f(B(rx)) C B(ry).
Therefore any bijective measurable map has a measurable inverse.

>From this it follows that a morphism f : X — Y of probability spaces
that is bijective at the level of sets, is an isomorphism of probability spaces iff

feby = px.

2.2 The Monoidal Structure

We will now start exploring the category P by showing that it has a prod-
uct. In a category there can be many types of products, some derived from a
universal limiting construction.All such products can be subsumed under the
notion of a monoidal structure on a category. Anyone applying mathematics
is constantly making use of monoidal structures. Two standard examples of
monoidal structures are the cartesian product in the category of sets and the
tensor product in the category of vector spaces. The first can be described in
terms of a universal limit whereas the other can not. Note that since a category
consists of both objects and arrows a product is defined only when we know how
to take products of both objects and arrows. Since arrows can be composed the
product of arrows should behave natural with respect to this composition. In
category theory this is expressed by saying that the product is a bifunctor. The
main reason for the prevalence of products in mathematics is that interactions
are described in terms of products. In probability theory products are used to
define dependence and independence of random variables.

A monoidal structure in a category is basically a product in the category



that is associative up to natural isomorphism and has a unit object up to nat-
ural isomorphism. What this means is that if XY and Z are objects in the
category and if the product is denoted by ® then we require that there exists
a isomorphism axyz : X @ (Y ® Z) - (X ®Y)® Z. Similarly if I is the
unit object we require that there exists isomorphisms Sx : I ® X — X and
vx : X ® I — X. The isomorphisms can not be arbitrarily choosen for dif-
ferent objects, they must form the components of a natural transformation. In
addition they must satisfie a set of equations known as the MacLane Coherence
Conditions. These equations ensure that associativity and unit isomorphisms
can be extended consistently to products of finitely many objects. The condi-
tions that must be satisfied by «a,vy and 5 are the following.
For all objects X,Y,Z and T we must have

axeY.zT °axy,zeT = (axyz®lr)oaxygzro (lx @ ay,zr)
(vx®ly)oaxry =1x ® by
71 = Br

These are the MacLane coherence conditions. The naturality conditions are
expressed as follows. For any arrows f: X — X' g: Y -Y and h: Z — Z'
we must have

(feg@h)oaxyz=(f@(@®h))oax y z
foBx =Bxo(11®f)
fovx =vx o(f®15)

In general such equations are difficult to solve, there is a very large number
of variables and equations. However in some simple situations the naturality
conditions can be used to reduce the system of equations to a much smaller set.
In the last section of this paper we will solve a similar set of equations that
determine what we think of as quantizers for the category. Each solution of
those equations will give us a coherent way of deforming all structures defined
in terms of the monoidal structure.

The reader not familiar with categories,natural transformations and Coher-
ence conditions are referred to the two books mentioned in the introduction. In
order to see further examples of how such system of equations are solved and
how they are related to quantization we refer to previous publications by us
8],[9].[4]

A monoidal category is a 6 tuple (C,®, I, «, 3,7) where each element in this
6 tuple has the properties just described.

We will now review the usual construction of products of probability spaces
and show that it defines a monoidal structure on the category P. First we need
to define a bifunctor and then show that it has the additional properties required
from a monoidal structure. This is simple but instructive so we do it in detail.

Let X = (Qx,B(rx)) and Y = (Qy, B(7y)) be Borel spaces. We can define
two natural o-algebras on Qx x Qy. These are B(rx) ® B(1y) and B(tx @ 1y ),
where B(7x) ® B(1y) is the o-algebra generated by the set of measurable boxes



S={AxB| A€ B(rx), B € B(ry)} and where B(rx ® 7y ) is the Borel
structure generated by the product topology.

Note that the product topology 7x ® Ty is second countable, locally compact
and Hausdorf if each of 7x and 7y have these properties [12]. The product
topology is thus a topology in the restricted sense used in this paper.

Lemma 2 Let 7x and Ty be topologies on Qx and Qy . Then
B(Tx) ® B(Ty) = B(TX X Ty).

Proof. Let m1 : Qx xQy — Qx and 73 : Qx X 2y — Qy be the projections
on the first and second factor.

Clearly 7, '(7x) € B(rx ® 7v) and 7, '(7y) C B(tx ® 7y) and therefore
1 (Qx X Qy,B(rx @ 1v)) — (Qx,B(7x)) and w2 : (QAx x Qy, B(rx @ 1v)) —
(Qy, B(1y)) are measurable maps.

Then U x Qy = 7; H(U) and Qx x V = 7, *(V) are contained in B(tx ® 7y
for all U € B(7x) and V' € B(ry), and therefore B(7x ® 7y) contains all boxes
UxV withU € B(rx) and V € B(ry).

But B(rx) ® B(7y) is the smallest o-algebra containing all boxes and there-
fore B(1x) @ B(ry) C B(tx ® 1y ).

Denote by 7(S) the topology generated by a basis S. Let us assume that
7x and 7y have countable bases Sx and Sy. Then 7x ® 7y has countable basis
Sx X Sy and therefore elements of 7x ® Ty consists of countable union of open
boxes A x B € Sx x Sy. All open boxes are in B(rx) ® B(ry) and since it is
closed with respect to countable unions we have 7x ® 7v C B(7x) ® B(ry). But
B(Tx ® 1y) is the smallest o-algebra containing 7x ® 7y and therefore we must
have B(tx ® 7v) C B(7x) @ B(1y). =

Let X and Y be any pair of probability spaces. We define their product to
be the object

XY =(Qx x Qy,B(rx) @ B(1y), px @ py)

where px ® py is the product measure[l]. This define a map of objects
®(X,Y) = X ® Y. Note that the previous proposition and the remarks pre-
ceeding it show that X ® Y is really a probability space and thus a object in the
category P. This makes ® well defined on objects.The next step is to extend ®
to arrows.

Let f: X — X" and g : Y — Y’ be arrows. Define a map of sets f ® g :
Qx X Qy — Qx» x Qyr by f®g = f x g, where f x g is the usual cartesian
product of maps. The following proposition show that ® extends to a bifunctor
on the category P.

Proposition 3 The product f ® g is a arrow in P, and @ : P X P — P is a
bifunctor on the category of probability spaces.

Proof. The map f ® g is clearly measurable with respect to B(rx) ® B(7y)
and B(rx/) @ B(1y/).



Since f and g are morphisms we have fiux < pxs and g.py < pys. Fur-
thermore,

(fe(px) ® gu(ny))(C" x D) = fi(ux)(C")gu(py ) (D")
= px (F7HC)py (971 (D) = (px @ py)((f @ g)~H(C" x D"))
= (f ® g)«(ux ® py)(C" x D).

Then, by the uniqueness theorem for product measures [2] and Fubini’s
theorem, we have

(f @ 9)(ux @ py) = fulpx) @ g(py) < pxr @ pry.

The second part of the proposition is evident since it is well known that the
cartesian product is a bifunctor. m

To show that ® is a monoidal structure is now very simple since we know
that the cartesian product is a monoidal structure in the category of sets with
unit object the one point set I = {x}. The maps of sets defining this monoidal
structure are axyz : Qx X (Qy x Qz) — (2x x Qy) x Qz defined by

OlXYZ((x7 (yv Z))) = ((.’E, y)v Z)

and Bx : Qr x Qx — Qx , 7x : Qx X Qp — Qx defined by

These maps are obviously arrows in P and this taken together yields the
following result

Theorem 4 (), T, q, 3,7) is a monoidal structure on the category of probability
spaces.

The reader might want to verify that «,8,and 7 solves the MacLane Co-
herence conditions and the naturality requirements. For the category P it is
furthermore easy to show that this is the only possible choise of o, and  that
solves the coherence conditions for the given bifunctor. This is true because
the naturality can be used to describe all maps ax y,z, Sx and vx in terms of
o1 , Br and yr. and for these maps there is only one possibility because T'
consists of a single point.

3 A Monoidal Structure on the Category of Prob-
abilistic Bundles

3.1 Probabilistic Bundles

We will now construct a new category based on the category P. The construc-
tion is an example of the usual comma construction in Category Theory. We will



form a new category by considering objects over a fixed object in the category
of probability spaces P. The objects in this new category is naturally thought
of as bundles over a fixed basespace.

Definition 5 A probabilistic bundle over A is a 4-tuple X = (Qx,B(1x), pix,0x)
where (Qx, B(Tx), px) is a probability space and px : Qx — Q4 is a continuous
surjective map such that

(ox)sbix = pa

Note that according to this definition a probabilistic bundle over A is a arrow
f: X — Ain P. It is however clear that not any such arrow is a probabilistic
bundle. We now need to define arrows between probabilistic bundles.

Definition 6 Let X = (Qx,B(7x), ux,px) and Y = (Qy,B(1y), puy, oy ) be
probabilistic bundles. A arrow f : X — Y of probabilistic bundles is a arrow
f:(Qx,B(rx), px) — (Qy, B(1y), py) of probability spaces such that

ex =¢yof
Finally we collect objects and arrows into a category.

Definition 7 The category of probabilistic bundles over A € P is a category
whose objects are probabilistic bundles and arrows are arrows of probabilistic
bundles as just defined. We denote this category by P(A).

The restriction we have placed on the arrows in P are choosen exactly such
that the resulting category of probabilistic bundles can support a monoidal
structure. This is Categorical modelling at work. We will usually identify the
object A in P with the probabilistic bundle (Q4,B(74), pra,14) and denote both
by the symbol A. Using this notation it is evident that A is a terminal object
in the category P(A). The unique morphism from any object X to A is ¢x.
A point in a probabilistic bundle is a arrow s : A — X in P(A). Using the
definitions just stated it is evident that this is equivalent to the existence of a
measurable map s : (Q4,B(74)) — (Qx,B(rx)) such that

pxos=1q,
Sxppa < fix

The first identity say that s is a measurable section in the bundle px :
(Qx,B(1x)) — (Qa,B(74)). Such sections certainly exists for the measurable
spaces considered in this paper. The second condition on s require a certain
singularity for the measure px. For example if X = R%2,A = R with the usual
Lebesgue measures and ¢x the projection on the first component, then no
smooth section s : R — R? is a point in P(A) since the image s(R) C R? has
measure zero with respect to the Lebesgue measure on R2.

The construction of the monoidal structure will rely heavily on the properties
of the conditional expectation and we will now recall some of its properties and
introduce some important notation that we will use in the rest of the paper.



Let X be a probability space and let f : Qx — R be a real valued measurable
map with respect to B(7x) and the standard Borel structure on R.

Let G C B(7x) be a sub o-algebra of B(7x) and assume that [ |f|dpx < co.
Then there exists [1],[13], a function fg : Qx — R that is G measurable and

/fgd/iX:/fd,ux forall S € G
S S

The function fg is unique up to sets of measure zero in G and is the con-
ditional expectation of f with respect to G. General rules for manipulating
conditional expectations can be found, for example, in [13]. We will need the
following result

Lemma 8 Let ¢ : Qx — Qy be a surjective Bx — By measurable map. Then
a function f : Qx — R is ¢ *(By) measurable iff there exists a unique By
measurable function h : Qy — R such that

f=hoy

Let X = (Qx,B(rx),px,vx) be a probabilistic bundle over A and Gx =
0% (B(14)) be a sub o-algebra of B(rx) of "cylinder" sets. We denote the
conditional expectation of a function f : Qx — R with respect to the subal-
gebra Gx by (f)x. The fact that (f)x is defined only up to cylinder sets of
measure zero means that we really have an equivalence class of functions where
two functions from the class differ only on a cylinder set of measure zero. For
each representative u of (f)x there exists according to lemma 8 a unique Gx
measurable function h, such that w = hy, o ¢ox. Let v and v be two repre-
sentatives of (f)x and assume that h, and h, differ on a set U, that is not of
measure zero with respect to p4. Then the representatives u and v of (f)x dif-
fer on the set %' (U). But then ' (U) must have measure zero and therefore
(px)«(px)(U) = 0. This is however a contradiction because pa < (Px)spix-
Thus h, and h,, differ only on a set of measure zero. We will denote the class
of functions on 4 corresponding to (f)x through lemma 8 by ex(f). Let
C € B(tx) and let x¢ be the characteristic function corresponding to C. Then
Xc is obviously B(7x) measurable and [ |xc|dux = px(C) < oo since the mea-
sure is finite. Therefore (x¢)x is defined and is by definition Gx measurable.
For this special case we will define ex(C) = ex(xc). The function ex(C) is
clearly essentially bounded by the properties of conditional expectation. Note
that we obviously have (xp)x = xp and (xax)x = Xa, and therefore ex (0) =0
and ex(Qx) = 1 up to sets of measure zero.

3.2 The Monoidal Structure

We will first define the product of probabilistic bundles and then proceed to
extend it to arrows. The product is based on the fibered product of sets.

Let X and Y be two objects in P(A) and let 2xg ,y be the fibered product
of the underlying sets 2x and Qy, that is

Qxe.y =1{(z,y) | 2 € Qx,y € Qy, ox(z) =0v(y)}

10



Define a map of sets pxg,v : Qxg,v — 24 by

Pxeay(®,y) = px(T) = ¢y (y)

Note that @}%Ay(a) = o5 (a) x py'(a) so that the fibers of the fibered
product of the bundles X and Y is just the product of the fibers of the two
bundles. This is perhaps a simpler way to view the bundle pxg,v : Qxg.v —
Q4. We are going to construct an object X ® 4 Y in P(A) with underlying set
Qxg,v and underlying map ¢xg,v- This will be the object part of a bifunctor
that will form a monoidal structure on the category of probabilistic bundles.

Note that Qxg ,v is a subset of Qx x Qy. Let Ay C Q4 X Q4 be the
diagonal. Then A 4 is a closed set with respect to the product topology because
the topological space (24,74) is Hausdorff.

This means that Qxg,v = (px ® ¢y) }(A4) is a closed and thus measur-
able subset of Qx x 0y since pxg ,v is by definition continuous.

Define

Txgay = (Tx @7v) N (Qxe,v)-

Since the set Qxg,v is closed, the topology 7xg,v is a topology in our
restricted sense. This is the point where we need the continuity of ¢ x and ¢y.
>From lemma 2 it is easy to see that

B(txg.y) = (B(tx) @ B(1y)) N Qxg.4v-

Therefore, B(Txg,y) is the o-algebra generated by fibered rectangles (or,
cubes) C' x4 D. From the previous remarks it is clear that B(rxg,y) is a
subalgebra of B(1x) ® B(1y ).

We will now define a measure on the measurable space (Qxg,v, B(Txg.,v))
in such a way that it reduce to the product measure when A = T, the trivial one-
point probability space introduced in section 2. Let C' € B(rx) and D € B(7y)
be arbitrary measurable subsets. Define a set function, 84 on measurable boxes
C x D by

0.4(C % D) = / ex(C)ey (D)dpa

This is clearly well defined . It is however not at all obvious that it can be
extended to a measure on (Qxg,v, B(Txg.v)). We will now prove this by using
the simplest elements from the theory of positive operator valued measures and
integrals. Our main source for this theory is [10].

Recall that a positive operator valued measure (POV) on a measurable space
(Q,B) is a set function, E : B — O(H) where O(H) is the set of bounded
operators on a Hilbert space H. For E to be a POV we must require that
E(C) > 0 is a positive operator for all elements C' € B and that it is countable
additive on disjoint unions of sets.

E(UZ,C;) = iE(Ci)
=1

11



Limits must be taken in the strong sense, that is pointwise convergence in
norm. Also recall that a spectral measure is a POV when E(C) is a projector
for all C.

We will show that the formula for 84 can be related to the product of two
POV’s and throught this prove that 64 extends to a measure.

Let Ha = L2(Qa,B(74),104). Then H, is a Hilbertspace and we have a
standard spectral measure P4 defined by

Pa(V)€ = xcé

Using the notion of conditional expectation we now define a operator valued
set function on B(7x) with values in O(H ) by

Eﬂ@z/q@ﬂ&

Lemma 9 Ex is a POV.

Proof. We know that ex(C) > 0 except for a set of measure zero with
respect to p4. But any such set also has measure zero with resect to Pg.
Therefore

Eﬂm:/qwmmzo
Let £ € Hx and define a setfunction v¢ by
ve(C) = (Ex(C)€, ) a € [0,1]

where the bracket denotes inner product in H4. If we can prove that v¢ is
a measure for all { € Hy, then Ex is a POV [10].

Let ua(V) = (Pa(V)&,€) 4. Then ,ui is a measure that is absolutely con-
tinous with respect to 4 with density |£|?. Let furthermore h be the density
of s with respect to (px)«px and let g be its inverse so that gh = 1 up to
measure zero with respect to pa. The densities g and h exists because we are
assuming that (px).ux is equivalent to 4. Using these densities and standard
properties of integration with respect to POV’s we have

ve(©) = [ex(Coiuy

:L/€X<cnsﬁduA

Il
— — —

ex (C)[€Pgd(¢x)«rix
(xo)x ¢x (€7 g)dpx

Cw}(ISIQQ)dux

12



This proves that v¢ is a measure that is in fact absolutely continuous with
respect to ux and we can conclude that Ex is a POV. =

Let now X and Y be given objects in P(A) and let Ex and Ey be the
two POV’s constructed as above. We have now two POV’s acting on the same
Hilbert space H4. It is possible to define the product of them only if they
commute. But by standard properties of integration with respect to spectral
measures we have

Ex(C)By (D) = / ex(C)dPa / ey (D)dPa
_ / ex(C)ey (D)dPa
- / ey (D)dPx / ex (C)dPx
= Ey(D)Ex(C)
thus our two measures commute. But then we can conclude that the formula

E(C X D) = Ex(C)Ey(D) = /ex(C)ey(D)dPA

extends to a unique POV on B(Txg,v)-

Theorem 10 The set function 04 defined by
0a(C % D) = [ ex(Cley (D)dus

extends to a unique probability measure on the measurable space (Uxw v, B(Txe,v))-

Proof. In general, if E is a POV acting on a Hilbert space H then for all
& € H the set function v¢(C) = (E(C)&, &) g is a measure.Since (14 is a finite
measure we know that the constant function 14 is an element in H 4. But then
since

<E(C X D)1A71A>HA = /eX(C)ey(D)d,uA
= QA(C X D)

we can conclude that 84 extends to a measure on the measurable space
(Qxeo.v,B(Txg.v)). It is a probability measure because 64(x x Qy) =

pa=1 m

Proposition 11 Let Lo, (X) be the space of essentially bounded measurable
function on (Qx,B(7x), ux). Then we have for any f € Loo(X)

/ fdEx = / ex(f)dPa

13



Proof. Let £ € Hy and define two measures

15 (C) = (Ex(C)&, &) m,
15 (V) = (Pa(V)§, &),

Then by the general properties of integration with respect to operator mea-
sures we have proved the theorem if for all £ € H4

/ fdpk = / ex (f)dis,

Let Mg and N¢ be functionals on Lo (X) defined by the lefthand side and
righthand side of the previous equation. It is straight forward to prove that
both M, and N are bounded on Lo, (X).Since the space of simple functions is
dense in L (X) we have proved the theorem if we can show that M¢(s) = N¢(s)
for all simple functions. But for simple functions the identity follows directly
from the linearity of conditional expectation. m

Lemma 12 Let p,q be the projections of Qx X Qy on Qx and Qy. Then we
have

P«(0a) < px
g« (QA) S Hmy

Proof. Let Cy(X) be the algebra of continuous functions with compact
support on a probability space X = (Qx,B(rx),pux). Let f € Co(X) and let
f ® 1 be the function defined by (f ® 1)(x,y) = f(x)and let h be the density
of pa with respect to (px)«px. Then we have using [10] and the previous
lemma

/fdp*(GA) - /f o pdfs — /(f 9 1), = <(/f @ 1dEx)14, 14)
= / FdEx)1a,1a) = {( / ex (f)dPA)1a,14)
- / ex(f)djia = / (F)x(ho px)dux = / f(ho ox)dux

:/deX

Where vx(U) = fU(h o px)dux. Since all measures are regular we can
conclude that p.(04) = vx. But clearly vx < px so p.0a < px.
The second part of the lemma is proved in a similar way. m

Lemma 13 The support of the measure 6 4 is contained in the closed set Qxg ,v -
Proof. Let S = Qxg,y and let (z,y) € S€ be a element in the complement

of S. Define a = px(z) and b = py(y). Since (z,y) € S¢ we have a # b.

14



Since (Q24,B(74)) is Hausdorf there exists open sets U, V, in Q4 such that
a € UpbeVyand U, NV, = 0. Let C, = ¢5x'(U,) and D, = ¢, (V}).
Then C, € B(rx),D, € B(ry) and C, x D,, C S¢ with (z,y) € C; x D,,. Thus
O ={CyxDy | (z,y) € S°}isaopen cover for S°. But (Qx xQy, B(rx)@B(1y))
is second countable and thus Lindlsf and therefore there exists a countable sub-
cover G = {C; x D;}$°, of S¢. But by the properties of conditional expectation
we have ex(C;) = xu, and ey(Dy) = xv, up to sets of p4-measure zero, so
ex(Cr)ey (Dy) = xv,nv, = 0 and therefore that 604(C, x D) = 0.
Since 04 is a measure we have

04(S°) = 04(U2,C; x D;) = > 04(Ci x D;) =0.
=1

Since the support of the measure 6,4 is the smallest closed set F' such that
04(F°) =0 we can conclude that F C Qxg,y. B
Recall that he Borel algebra B(7xg ,v) is a subalgebra of B(7x) ® B(ry).

Definition 14 The restriction of the measure 04 to the subalgebra B(txg ,v)
we shall denote by pxg ,v. This measure we will also denote by ux @4 py and
called a fibered product of the measures px and py .

Using this definition, lemma 13 and lemma 12 we can generalize proposition
11 to the following very useful result

Proposition 15 Let f and g be any essentially bounded functions on X and'Y
and let (f ® g)? be the restriction of f @ g to Qxe,y. Then

/ (f ® ) dpxe,y = / (f © g)dbs = / ex(Pev (9)dia

Proof. The first identity is just a direct consequence of lemma 13. We now
prove the second identity. Let ¢ be a fixed simple function on 2y and define
maps M (f) and N(f) for functions on Qx by

M(f):/(f®t)d9A
N(f) = /ex(f)ey(t)d,uA

We will now prove that M (f) is well defined on Lo (px).

Let f € Loo(px) and g € Lo (py) be arbitrary essentially bounded functions
on (Qx,B(rx)) and (Qy, B(1y)). Thus there exists sets Vy C Qx and V;, C Qy
with px (Vy) = py (V) = 0 and f bounded on the complement V¢ of Vy and g
bounded on the complement V7 of V;. But then f ® g is obviously bounded on
the set Vfc xVy C Qx x Qy. Furthermore we have

(VEx Vi) (Vi xQy)U (Qx x V)

15



But then

Oa((VF x V7)) <0a(Vy x Qy) +0a(Qx x V)
=puba(Vy) + q:04(Vy) =0

where the last identity follows from lemma 12. Therefore f® g isin Lo (04).
This argument proves that M (f) is well defined on Lo (ux). It is obvious that
N(f) is well defined on the same space by the properties of conditional ex-
pectation. In fact simple estimates show that M and N are both continous
linear functionals. But the definition of 4 and linearity of conditional expec-
tation show that M (s) = N(s) for all simple functions. The density of simple
functions in Lo (px) and the continuity now show that

/ (f © )b = / ex(ey (t)dua

We now fix f and consider the two sides of the above equation to be functions
on Lo, (py). Repeating the argument above for L. (uy) we finally prove the
proposition. m

We can now use the previus result to prove the following extension of lemma
12 that we will need later.

Proposition 16 Let p : Qx X Qy — Qx and q : Qx X Qy — Qy be the
projections. Then we have

Proof. By lemma 12 we only need to prove that p.04 > px and .04 > py.
Let h be the density of (px).pux with respect to pa and let f € Cyp(X) be any
continuous function with compact support on X. Then we have

[ s = [extpans = [ex(prer ooy, -
/ (f ® (hopy))dba = / (F@1)(1® (hopy))dis =

/(fop)dp = /fdp*p

where p < 0, is the measure defined by p(V) = [i,(1® (ho ¢y))dfa. By
uniqueness of regular measures we can conclude that px = p.p. But p < 04
implies that p.p < p.04 and therefore pyx < p.f4 . The second part of the
proposition is proved in an entirely similar way. m

Proposition 17 (pxg.v)slxosy = LA
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Proof. We have for any U € B(74) that

[(pxoav)s(bxev)(U) = (txo.v)(Pxo.v) " (U))
= (bxe.v) (X' (U) x Qy) N Qxg,y) = Oalex (U) X Qy)

- / ex (e (U))ey (U )dps = / ex (63 (U))dpa

= /deuA = pa(U)

]
We can conclude that

Proposition 18 X ®4Y = (Qxe.v,B(Txoiy), kxo.y, PXo.y) 1S a proba-
bilistic bundle.

We have now defined a product of objects ®4(X,Y) = X ®4 Y and we will
next proceed to extend it to a product of arrows and show that it is a bifunctor.

Let f : X - X' and g : Y — Y’ be morphisms of probabilistic bundles.
Define a map of sets f ®4 §: Qxg,v — Qx/g.y’ by

f®ag=1/fxag

Recall that the map f x 4 g is the restriction of f x g to the subset Qxg ,v-
The map f® 4g is clearly measurable with respect to the Borel algebras B(7xg ,v)
and B(tx'g,v'). In order to prove that it is a arrow in the category of proba-
bilistic bundles we must now show that it is absolute continuous.

Let the probabilistic bundle X be given by X = (Qx, B(7x), tx, ¢x ). Define
a new probabilistic bundle f.X by f.X = (Qf x,B(7¢.x), k. x, ¢f. x) Where
Qp.x = Qx By, x) = B(tx:),05,x = oxr and py, x = fapx.

We need the following lemma

Lemma 19 Let C' € B(tx/). Then ef, x(C') = ex(f~(C"))
Proof. Let U € B(74) be any measurable set and let V = cp;lX(U) =

ox (U).
Then we have

/(XC’)f*Xd,U/f*X =/ Xcrd(fepx) = fpx (C'NV)
v v
= ux(fHC) N fHex (0)) = px (F7HC) Nex (U)

=/ L Xpeyendix
Px (U)

17



On the other hand using the change of variable formula we have
x4 o erxldinnx =[x ex () o o))
= /(Xso;(}(U) o flex(F7HC")) o pxr o fdux = /X@}l(U) [ex (f7HC")) 0 px]dpx
= / o ven)xdpx = / o Xgrendix

ex (U) ex (U)

Therefore by uniqueness (xc) s, x = ex(f71(C") o s x and ef, x(C') =
ex(f71(C). m

Using this lemma we can prove

Proposition 20 (f ®a 9)«(ix@.y) = 1f. X0 ag.Y
Proof. We have

[(f ®4 9)«(Bxe,v)](C' xa D) = (uxg,v)(fH(C") xa g~ " (D))
= [ext @D erls ™ (D Ndua = [ er.x(Chey.r (D')ds
= 1. X@ag.v(C' x4 D)

The proposition now follows from the uniqueness of measure theorem. m

For probabilistic bundles X and Y define a relation X < Y iff Qx =
Qy,B(rx) = B(ry),px = ¢y and px < py. If his the density of px with
respect to py we say that X <Y with density h. If X <Y and Y < X we
write X =~ Y.

Lemma 21 Let X <Y with density h and let the densities of pa with respect

to (ox)s«pix and of (py)«py with respect to ua be gx and fy. Then we have
for C € B(rx)

ex(C) Zey(FnyhXC)
where Fy = fy o py and Gx = gx o py.

Proof. Let fx be the density of (¢x).pux with respect to pg and gx the
density of pa with respect to (px).pux. Note that fxgx = 1 up to sets of
measure zero.Let V4 € B(74) be any measurable set. Then we have

/ ex(C)fxdjin = / ex(C)d((px)apix) =
1% \%

/ (xc)xdux = / Xcdpyx =

ex (V) ex' (V)

/ hxcduy =/ ey (hxc)d((py)spiy) =
ex (V) v

/ ey (hxc)fydpa
174
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>>From this we can conclude that ex(C)fx = ey (hxc)fy up to sets of
measure zero. But then since fxgx = 1 up to sets of measure zero we get
ex(C) = ey (hxc)gx fy- For any B(rx) measurable function k and ¢y (B(74))
measurable function [ we have (k) x = (Ik)x. Using this result we have ex (C) =
ey (hxc)gx fv = ev(hxc(gx o oy )(fy o vy)) = ey (FyGxhxc). =

We can now prove a generalization of a well known result from the theory
of product measures.

Proposition 22 Let X; and Y; be probabilistic bundles with X; <Y; for i =
1,2. Then we have
X1®4AXo<Y1®4 Y2

Proof. Let the density of X; with respect to Y; be h; for i = 1,2. Then we
have

o3 (C % D) = [ ex,(Clex(D)dua
= /eyl (FY1 GX1h1XC)eY2 (FY2GX2h2XD)dﬂA
= /(FY1 Gx,hixc ® Fy,Gx,hoxp)*divie v,

:/c D(Fylhlle ® Fy,Gx,ha) dpiyy .y,
XA

But then by uniqueness we can conclude that px,g,x, < Uy,e.y, With
density (Fyl hlGXl ® FYZGXZhg)A. ]
We now use the previous results to prove that

Proposition 23 f ®4 g is a morphism of probability spaces

Proof. We have using propositions 20 and 22 that

(f @4 9)«(x04Y) = Bf. XDag.Y < BX' @AY

]

This proposition show that ® 4 is a bifunctor on the category of conditional
probability spaces. We will now show that it is in fact an monoidal structure.

At the level of sets x4 is a monoidal structure with unit object A and
associativity and unit constraints given by a?,84 and ¥4 where o is the
restriction of the associativity constraint for x on the category of sets and
where

Bi(a,z) =z, and v%(z,a) =z

In order to ensure that ® 4 is a monoidal structure we only need to verify
that the maps o, 84 and 4 are isomorphisms in the category of probabilistic
bundles. They are all continuous and thus measurable maps. Furthermore we
have
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Lemma 24

(B%)«(Baoax) = px, (v%)«(Bxeaa) ~ px.

Proof. Let hx be the density of ;4 with respect to (¢x).pux and fx the
density of (¢x)«ux with respect to pa. Note that hx fx = 1 up to sets of
[ta measure zero. Let vx be the measure defined by vx = fU(hX o@x)dux.
Then clearly vx < pux. But we also have pux (U) = [, dux = [;(fx opox)(hxo
px)dux = fU(fX o ¢x)dvx and therefore we also have vx < px. The two
measures px and vx are thus equivalent. For 34 we have

[(B%)sba04x](U) = pag,x(Qa xa U) = /eA(QA)ex(U)duA = /ex(U)duA

= /(XU)X(hX opx)dux = /U(hx opx)dux = vx(U)

and therefore (ﬁf})*#A@AX =vx ~ux ®
>From this lemma we have

Corollary 25 ﬁ;‘} and 73‘} are isomorphisms in the category of probabilistic
bundles.

For a’yy, we need the following result
Lemma 26 exg,v(C x4 D) =ex(C)ey (D)

Proof. We have seen in proposition 17 that (pxg.v)«(Uxe.y) = pa.
Using this and the change of variable formula we have for all U € B(74)

/ (ex(Cley (D) 0 pxoav)dljixeny) =
(pxe,v)~1(U)
Jowex(@ex (D)) o (exen)ilixon) = [ ex(@er(D)iua
On the other hand we have
/ (XexaD)x@ayd(ixeay)
(pxa,v) 1)
:/X(saxmy)—l(U)(XCXAD)X®AY¢1(MX®AY)
= /(X¢;1(U)QCXAD)X®Ayd(MX®AY) = /X%—(l(U)chADd(NXG@AY)
— (130,65 U)NC x4 D) = [ ex(o3 ©) N C)ey (D)dus

— [ ex(Clex (D)
U
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Therefore by uniqueness we can conclude that

€X®Ay(c XA D) = €X(C)6y(D)

]
Using this lemma we have

Proposition 27 aﬁyz 18 a 1somorphism in the category of probability bundles

Proof.

(a§<yz)*MX®A(Y®AZ)((C xa D) xaE)
= lxxe.(ve.z)(C xa (D xa E))

= /€X(0)6Y®AZ(D X E)dpa = /€X(0)6Y(D)€Z(E)dMA
— [ exor(€ xa Dlez(E)ua = pixov1o,2((C xa D) x4 B)

But this means that (aﬁquz)*/iX@A(Y®AZ) = I(X@4Y)®42Z W
In summary we have proved the following fundamental property of the cat-
egory of probabilistic bundles.

Theorem 28 (®4,A,a?, 34,72) is a monoidal structure on the category of
probabilistic bundles.

Note that when A is equal to the one point probability space T we obviously
have pxg,yv = px ® piy.

Example 29 Let Q4 = {a1,...,an} be a finite set. The topology on A is the
power set T4 = P(Qa4), so all set are clopen and B(ta) = P(Q4). A probability
measure on the measurable space (4, P(24)) is a sequence pa = {q;}7-, with
¢ >0and Y, g =1. The probability space A = (Qa, P(Qa),pa) is clearly
a object in P. Let X andY be any pair object in P(A). The functions px and
vy induce partitions of Qx and Qy into clopen sets {C;}_, and {D;}?_,and
furthermore o3 (B(74)) = {Ci}ys o (B(ra)) = { i}y We have

Qx x40y = ULICi X a D;
(xe)x = > Px(ClC)xe,

pux (Ci)>0
(xp)y = Y Py(DIDi)xp,
py (Di)>0
where
px(CNCy)
Px(C|C;) = ——+—=
x (C|Ci) (O
wy (DN D;)
Py (D|D;) = P¥\Z )
v (D|D;) v (D7)
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Therefore

04(C x D) =Y _ Px(C|C;)Py(D|D;)q;
I=1
For the case of n = 1 we get Qx x4 Qy = Qx x Qy and 04(C x D) =
pux (C)uy (D). This is the standard product measure.

Example 30 Let Qx = Qy =1 = [-1,1] and let B(rx) = B(ry) be the
standard Borel structure on I and px = py = %)\ where X\ is the lebesques
measure on R restricted to the interval I. Let A be the interval J = [0,1],

standard Borel structure and pa = X. Let ox = @y be the absolute value
function. The maps px and oy are continuous and (px)«pix = (Qy sty = pha
so X and'Y are objects in P(A). For any set C in R let

C_.={zx€eR| —zeC}
We observe that
¢x (B(ta)) ={VUV_ | V € B(a)}
An easy calculation gives us the following characterization

Proposition 31 f: Qx — R is measurable with respect to o' (B(14)) if and
only if f is an even function. For absolute integrable B(tx)-measurable function

f we have
1

ex(f) = 5(f(2) + f(=2))

Therefore the measure 64 will in this case be

1

1

04(C x D) = / 70xe +xc)(xp +xp_)dX
0

This measure is supported on the set

Ox x4 Qy ={(z,y) € R* | |z| =y}

4 Markov Relations

If Qx and Qy are sets then a relation between Qx and 2y is a subset of
Qx xQy and a relation between measurable spaces (Qx, B(7x)) and (Qy, B(1y))
is a measurable subset in (Qx x Qy,B(7x) ® B(ry)). The collection of all
measurable sets in the product (Qx x Qy,B(rx) ® B(ry)) form the algebra of
observable relations. We get a probabilistic relation by assigning a probability to
all observable relations. This is the obvious and natural notion of a probabilistic
relation. In the following we introduce relations of probabilistic bundles and
show that they form the arrows in a larger category that we call the category
of Markov relations. We explore some of the properties of this category and its
relation to the category of probabilistic bundles.

Let pxy : Qx ® Qy — Qx and gxy : Qx X Qy — Qy be the projections
and let p‘;‘(Y and q}‘}Y be their restriction to the set Qx x4 Qy C Qx x Ny
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Definition 32 A Markov relation between the probabilistic bundles X andY is
a probability measure p on the measurable space (Qx x4 Uy, B(rx) @4 B(1y))
such that

(Pxy )it = pxs and (qxy )i < py.
We will denote a relation p between X and Y by pp: X ~ Y.

We will first show that any arrow f : X — Y between probabilistic bundles
will give rise to a Markov relation between X and Y.

Let f: X — Y be a morphism of probabilistic bundles and let I'y : Qx —
Qx x Qy be the graph of f, T't(z) = (z, f(z)).

The graph of f is clearly a B(7x) — B(7x) ® B(7y ) measurable map and we
define a probability measure py on the measurable space (Qx x Qy,B(tx) ®
B(ry)) by

prp = (Lp)upix.

Proposition 33 The measure j1y has its support in the closed set Qx x 4 Qy.

Proof. Indeed, let C € B(rx) and D € B(1y) and assume that C x D is
in the complement of Qx x4 Qy. Note that for any box we have pus(C' x D) =
px(C N f1(D)). Take z € C N f~1(D), then z € C, and there exists y € D
with y = f(x). But then py(y) = ¢y (f(z)) = ¢x(x) because f is a morphism
of probabilistic bundles. Therefore we have (z,y) € C x4 D. But this last set
is empty. We can thus conclude that C' N f~1(D) = @ and so us(C x D) = 0.
The proof of the proposition in completed by an argument like in lemma 13. =

The measure py therefore restricts to a measure on the measurable space
(QxxAQy, B(tx)®4B(1y)). Moreover, we have (piy )«fts = pux and (giy )sptf =
f«tx < py and this proves that py : X ~» Y is a Markov relation. Markov
relations thus exists. The following proposition gives is another example of a
Markov relation.

Proposition 34 Let X and Y be probability bundles. Then
Pxeay : X ~Y
is a Markov relation

Proof. We know that uxg v is a measure on (Qx x4 Qy,B(7x)®4B(1y))
and from lemma 16 we have (pyy )sft & pix, and (giy)sft = py. ®

4.1 Composition of Markov Relations

We will now show that Markov relations, like morphisms, can be composed and
that they form the arrows in a category that includes the category of probability
bundles.

First we must introduce some notation that will be used in the rest of this
section. For any pair of probabilistic bundles X and Y let the subalgebras
G%y and G%y of B(tx) ®a B(1y) be given by Gy = (p4y) 1 (B(rx)) and
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G%y = (q%y) 1 (B(1y)). For any relation y: X ~» Y and measurable function
Fon (Qx x Qy,B(1x) ®4 B(1y), p) with [|F| du < oo let (F)%y and (F)%,
be the conditional expectation of F with respect to the subalgebras G%- and
G%y. The function ek (F) is well defined on Qx up to sets of (pyy )spt -
measure zero by the identity (F)%y = €&y (F) o p&y. Similarly the function
%y (F) is well defined on Qy up to sets of (g5y)«p-measure zero by the identity
(F)%y = %y (F) o aiy-

Let now 1 : X ~» Y and v : Y ~ Z be relations and let 6 = (g4y- )./ be the
measure induced on Y by pu.

Let C € B(rx) and D € B(7z) be measurable sets. Since § = (qy )t <
py < (p3z)«v the functions e%y (C x Qy) and e}, ,(Qy x D) are well defined
on (Qy, B(ty)) up to sets of f-measure zero. The following set function is well
defined by Holder

a(C x D) = /egw(c X Q) (Qy x D)

Using arguments entirely similar to the ones we used for the fibered product
we can show that this set function extends to a unique measure defined on
(Oxez,B(Txgz)). We denote this unique measure by the notation v o u. The
following result is proved in a way that is similar to the corresponding results
for the fibered product and is ommited.

Theorem 35 vopu is a probability measure on the product supported on the set
Ox x4 Qy and we have

(pxz)«(Vopu) > pux
(gxz)«(vop) < pz

Furthermore if p : X ~Y and v :' Y ~ Z are relations with (gxy )«pt =
wy ,(pxy)«pt = px and similar for v. Then

(Pxz)«(Vop) =~ px

(gxz)«(vop) =~ pz

if equivalence of measures is replaced with identity, then the same holds for
the composition v o .

These properties identify v o i as a Markov relation.
Corollary 36 Let p: X ~Y andv:Y ~» Z be Markov relations. Then
vou:X~~2
is a Markov relation.

We have seen that any arrows in P(A) give rise to Markov relations. Let
f:X —-Yand g:Y — Z be arrows in P(A) and let puy : X ~» Y and
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Lg : Y ~+ Z be the corresponding relations, py = (I'y).px and pg = (Tg)wpty .
Since we already know how to compose arrows in P(A) the following result is
very satisfying and testify to the naturalness of our construction of composition
of Markov relations.

Proposition 37
Hg O pf = Hgof

Proof. Let C € B(rx) and D € B(7z).Then we have

(119 0 117)(C x4 D) = / €y (C % a Oy )l 5 (Qy x4 D)

I
— e — —

by (C xa Qy)e} 4 (Qy x4 D)d(qiy )uis

XOx a0y (€5 7(Qy x4 D)o qiy)dpuy

(XOx a0y o T)(€} 5 (Qy x4 D)o gy oLp)dux

xc (€Y, (Qy xa D)o fdux
and

/ (xp 0 g0 pit7)dpy = / (xp © 9.0 p)d(Ty)upiy
(pg )~ (V) VxaQz

= /(XVXAQZ oTy)(xpogopyyoly)duy = /XV(XD o g)duy
=py(VNg (D)) = pg(V xa D) = /XVXADd,ug
:/XVXAﬂzxﬂYXADd/’Lg :/ XQyXADd/f['g

(P 7) (V)

By uniqueness of conditional expectation we can conclude that
€y 7(Qy xaD)=xpog

But then the previous calculation give
(hg 0 p15)(C xa D)
= /Xc(xD ogo f)dux

= pux(CN(go f)~H(D))
= figof(C' x4 D)

The proposition now follows from the uniqueness of measure theorem. m
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For any pair of probabilistic bundles X and Y there is a special relation
Uxg,y : X ~ Y. For the special case when A = T the fibred product puxg,v =
tx ® py is just the usual product of two measures. For this case the measure
signify independence between the states X and Y. In the general case we
will also think of puxg ,v as signifying independence between the probabilistic
bundles X and Y. The following proposition support this interpretation by
showing that the composition preserve this special class of relations.

Proposition 38

(ux @ py) o (uy ®a piz) = ux @4 [tz

Proof. Let f be the density of (¢y).py with respect to ua and g the
density of (¢y).«py with respect to pa.

Then the density of py with respect to (¢iy )« (tix ®a4 py) is @i (f).

Note that fg = 1 up to sets of measure zero with respect to fi4.

Using this we have for a given C' € B(7x) and any V € B(7y)

/ (XCxa0y )iy d(px @4 py) = /XCxAVd(MX @4 py)

(g%y)~1(V)

= (ux ®4 iy )(C x4 V) = / ex(Cey (V)dpa = / ex (Cley (V)gd(py oy
- / v (ex (C)g)dpy = / xv il (ex (€)@ (@)a% (Fdlaby s (ix ©a iy

-/ (ay )" (93 (ex (C)))d(ux ©a piy)
(g%y)~1(V)

By the uniqueness of conditional expectation we have the identity % (C x4
Qy) = g3 (ex(C)). In a similar way we get for any D € B(7rz) the identity
ey, (Qy x4 D) = ¢} (ez(D)). Using these two identities and proposition 17 we
have

((nx ® py) o (y ®a pz))(C x4 D)

= /eg(y(c X4 Qy)eh 7 (Qy xa D)d(gxy )« (1x @4 py)
- / &4 (ex (C)ez(D))d(ghy ) (ix ©a py)

_ / ex(C)ez(D)d(pxeay)«(iix ®a piv)

_ / ex(C)ez(D)dpa = (ux ®a 112)(C x4 D)

The proposition now follows by the uniqueness of measure theorem. m
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4.2 The category of markov Relations

In this section we show that the composition is associative and that probabilistic
bundles in general form a weak category.

Let p: X ~Y,v:Y ~» Z and w: Z ~» W be relations. These relations
can be composed in two different ways, w o (v o u) and (w o v) o u. These
two compositions are in general equal. In order to prove this we will need the
following two lemmas.

Lemma 39 We have
(Ppw)«(wov) = (p¥z).v

and if g is the density of (q4y )« with respect to (pi ).V, then the density
of (g3 2)«(v 0 ) with respect to (a3 ).v is €3 (03} 5)*(9))

We will also need the following result

Lemma 40 The following identities

ey 2 (47 2)" (€ (Qz x4 D))) = €44y (Qy x4 D)

¢ 2(C xaQ2)e3 7 (07 2)"(9) = 5 2 (0¥ 2)" (kv (C x4 Qy)g))
hold.

Proof. Let V € B(ry), then we have
L ) Gt s Dy = [ gy D))
= [ (@ < D))o )
— [xvxapdwor) = @or)(V x4 D)
— [ 4ulV xa Q) Q2 x4 D)dlait )
= [, ) 0 2 D

The first identity now follow from the uniqueness of the conditional expec-
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tation. For the second identity let V' € B(7z). Then we have
[ @) (€ xa Qe () (9
(a2 2) 71 (V)
¢ 2(C x4 Q2)ed 5 (07 2)" (9)) gt )V

¢4 2(C x4 Qz)d(ax 7)< (v o )

T~

XCOx a0, d(V 0 1)
q)é}z)_l(v)

Xoxavdvop) = (vou)(CxaV)
by (C x4 Qy)ed 1 (Qy xa V)d(gxy )wp

eky (C xaQy)ey ,(Qy xa V)gd(p{}z)*u

(P9 2) " (e%y (C x4 Qy)g) X0y x4 vV

I
— T T T Y

(P 2) " (€%y (C x4 Qy)g)dv

(ag2)~t(V)

The uniqueness of conditional expectation now gives the second identity. m

Proposition 41
wovou) = (wov)ou

Proof. let C € B(rx) and D € B(ryw ). Then we have
(o (vom)(C xaD)

— [ 4s(C x4 0216k (O x4 D(a ). )

eh7(C xaQz)el , (0¥ 2)*(9))eh (Qz xa D)d(qyt 5)sv

eqyz((p}éz)*(eg(y(c x4 Qy)g))eyw (Qz xa D)d(Qéz)*V

(03 2)" (€% v (C xa Qy)9) (4 2)" (e (22 x4 D))dv

eky(C xa QY)ei)fz((‘J{/lz)*(e%W(QZ XA D)))gd(péz)’/

ey (C xa Qy)el (a8 2)" (¢ (Qz xa D)))d(axy )

Il
— S

ey (C xa Qy)eby (Qy xa D)d(gky )i = (wov) o p)(C x4 D)
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The proposition now follows from the uniqueness of measure theorem. m

Proposition 42 Let p: X ~» Y be a relation. Then we have

Mo p1y S H
Py O p = b

Proof. Let C € B(tx) and D € B(7z) and let V € B(7x). Then we have
/ (xc ©qxx)dpay = /(XQQX v oT1 ) (xc o dkx o T1y )dpx
(a%x)7H(V)

= /XvXcdux =pux(CNV) =, (CxaV)= / XCx aQx A1 x
(g% x)~H(V)

By uniqueness of the conditional expectation we can conclude that €%  (C'x 4
Qx) = xc- Let g be the density of ux with respect to (p4y )«

(nopy)(CxaD)= /eg(x(c xa Qx)efey (Qx xa D)db
= [ Xoehy (S a DYdadx) i = [ xohy (@ xa D)
= /Xce’ﬁcy(Qx x4 D)gd(pXy )t = /(XC o Py )Xax x40 (PXy) (9)dp

=/XCXAQXXQxxAD(pﬁy)*(g)du=/ (pxy) " (9)dn
CXAD

By uniqueness of measure and Radon-Nikodym we have po p1, < p. The
second part of the proposition is proved in a entirely similar way. m

The relation w3, will thus not in general act as a left and right identity
under composition.

It is however clear from the proof of the proposition that if we restrict to the
class of relations that satisfies (p4y )+t = px then the relation pq, is really a
right and left identity under composition.

We can now form a structure R(A) where objects are probabilistic bundles
and where arrows are relations. Because of proposition 42 the structure R(A)
will in general not be a category but we will abuse the term and define R(A) to
be the category of relations of probabilistic bundles.

For the restricted class of relations with (p4y ).t = px it will be a true
category.

For any pair of objects we have at least one relation, namely pux ®4 py-
The statement that this is a relation follows from lemma 13 and proposition 16.
This is the relation signifying independency between X and Y in the context of
probabilistic bundles.

The following result supports this interpretation
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Proposition 43 Let f: X — Y be a morphism of probabilistic relations

prpo(px ®apx) = (1®a fa(px ®a px)

Proof. Let g and f be densities as defined in the proof of the previous
proposition for the case X =Y.
Then we have

pr o (px ®@a pux)(C xa D)

— [ (€ x4 20y (x x4 D) )
= [xlex(@xs sodladx) linx @ )
— [ eex (@ mrekins

- / ex(Chex (FH(D))gd(px)opx = / ex(Chex (f(D))dua

= (px ®a px)(C xa f7H(D)) = (1 @4 f)s(ux @4 px)(C xa D)

]

We will now extend the monoidal structure ® 4 to the category of relations
R(A).

Let p: X ~ X" and v : Y ~» Y’ be relations and let oxyv : Qx/ x Qy —
QY X QX/ be the map, UX’Y(x/uy) = (yvx/)'

Using this we can define a measurable map (1x X ox/y X 1ly/) that restricts
to a well defined continuous map

(Ix®@a0xy®@alyr) 1 (QxxaQx/)Xa(Qy xaQyr) = (Qx X a0y )X a(Qxr X aQy7).
Let the expression p X4 v be defined by

pRav=(1x ®a0xy @4 ly)(p®@av)
Proposition 44 uXav: X @4 Y ~ X' ®4 Y’ is a relation

Proof. i : X ~ X’ is a relation and therefore we have (pﬁX,)*M > pux and
((I}%X/)*/L < px. But then
(ox@ax)ett = (px 0P x et = (0X)etix > pia
(§0X®AX’)*,U = (SOX’ o qj)‘;'X/)*/,L S (SOX')*H‘X’ S na

50 (px@ax)«(1) = pa. In a similar way we get (9yg v’ )« =~ pa. There-
fore the product p®4 v is defined and is supported on the set (Qx X4 Qx/) X4
(Qy x4 Qy/). But then uX4 v is a well defined probability measure supported
on the set (Qx x4 Qy) X4 (Qxr x4 Qy/) since the map (1x @4 0xy @4 ly)
is continuous. It is easy to see that

(@Reav.xoay )« (BEAY) = (qXx et @4 (G3y)sv < pix: @a piy

A A A
(pX®AY,X'®AY)*(M Xav) = (pxx/)stt @a (Dyy:)«V = pix @4 py
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and this completes the proof. =
The definition of the product of relations in this particular way is justified
by the following result

Proposition 45 Let f: X — X' and g: Y — Y’ be morphisms of probabilistic
bundles. Then we have

pfapg = preag

Proof. Let C € B(rx) and E € B(7x) and let V' € B(74). Then we have

/(@XMX/)1(V)(XCXAE)X®AX'dﬂf = /X(cw;l(v))xwdﬂf
— 1y ((C N (V) x4 B) = ux (C N5 (V) 1 £1(E))

= / ox (xv)Xxcng-1(mydix

— [ elevex(©nfH(E)dux

— [ £ @x twex(©n F E))dus

— [elwex(©nr B)dfns

— [ o lavex(@n £ E)dlax)ons

- / (pxenx) (ex(C N F(E)))dps
WX@AX’)il(V)

By the uniqueness of conditional expectation we have the identity exg , x/ (C'X 4
E) =ex(CnN f71(E)). In a similar way we get the identity ey ,y (D x4 F) =
ey(DNg 1(F)) for all D € B(ry) and F € B(ry/). Using these identities we
have

(,LLng;Lg)(CXADXAEXAF):(/Lf®A,LLg)(C><AE><ADXAF)

:/6X®AX/(C XA E)€Y®AY'(D XA F)d,uA

_ /eX(C N FYE))ex (DN g~ (F))dpa

= (ux ®a py )(CN fTHE) xa DN g™ (F))
= (px @4 py)(Cxa D)N(fTHE) NG H(F))) = pfeag(C xa D xa E x4 F)

and the proposition follows from the uniqueness of measure theorem. m
This proposition show that the product X4 is an extension of the product
®a-
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5 Quantizations

5.1 Algebra of probabilistic bundles and relations

Let X be any probabilistic bundle and let Lo, (X) be the space of essentially
bounded complex valued functions on X. Elements of X are classes of essentially
bounded functions differing on sets of measure zero with respect to px. The
space Loo(X) is not only a Banach space but also a C*- algebra with respect to
the natural operations.

Let f : X — Y be a morphism of probabilistic bundles and let f* : Loo(Y) —
Loo(X) be the map defined by f*([h]) = [ho f].

It is easy to see that f* is well defined, continuous and commutes with the
product and x-operation. It is thus a morphism of C* algebras.

For any probabilistic bundle we have a map px : X — A. This gives
a morphism of C* algebras (¢x)* : Loo(A) — Loo(X). This morphism is
moreover a monomorphism and give each C* algebra L., (X) the structure of a
Lo (A) — Loo(A) bimodule with the left and right action of Lo (A) on Lo (X)
induced by the map (px)*.

P‘lX i Loo(A) ®r Loo(X) — Loo(X),
P LOO(X) On LOO(A) - LOO(X),

where ul ([h] ® [1']) = (px)*([R])[R'] and similarly for the right action.

Here F ®, F is the projective tensor product of two Banach spaces E and
F.

Using this product there is a bijective correspondence between the set of
continuous bilinear maps from E X F to G and the set of continuous linear
maps from F ® F to G for any Banach space G. It defines furthermore a
monoidal structure on the category of Banach spaces with C as the unit object.
In the following we denote the algebra L., (A) by the symbol A.

Let C4 be the category whose objects are banach spaces and A — A bi-
modules and morphisms are morphisms of Banach spaces that commutes with
the left and right action of A. These morphisms are thus A — A bimodule
morphisms.

The observations made above can be formulated as the existence of a con-
travariant functor F': P(A) — C4 defined on objects and morphisms by

We will now show that the functor F' can be extended to Markov relations.

Let p: X ~» Y be a Markov relation and let [h] € Loo(Y). The condition
(py )«i > px ensure that the expression [k ((¢5y)*([1]))] is a well defined
element in Lo (X).

Define

w* () = [ehy ((a5y) " ([AD))-
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Then the properties of conditional expectation ensure that p* isa A — A
bimodule morphism.

Definition 46 Let p : X ~» Y be a Markov relation. Then p* : Loo(Y) —
Loo(X) is the pullback by p.

The pullback by a relation p has the following two fundamental properties

Proposition 47 Let f : X — Y be a morphism of probabilistic bundles and the
py: X ~ Y be the corresponding relation. Then we have

()" ([R]) = £ ([R])

Proof. Let C € B(1y) and let [x¢] € Loo(Y') be the corresponding element
in Loo(Y). Then we have

/ (Pxy) " (x-1(c))dps :/ Py ) (X p-1(0)) (T ) pix =/ Xf-1(o)dpx
(Phy)~H(V) (Phy)~H(V) Vv

=pux(VNfHC)) = ps(V x4 C) =/XVxAchf =/ XQx x aCApf
(p%y) 1 (V)

By the uniqueness of conditional expectation we have ef (Qx x4 C) =

[Xf—l(C)]'
But then we have

p(Ixel) = ey (2x xa C) = [x-1(c)] = F*([xc))-

The proposition is therefore true for characteristic functions and by linear-
ity for simple functions. The proposition now follows by using the dominated
convergence theorem m

Let f: X — Y and g : Y — Z be morphisms of probabilistic bundles. From
this proposition and proposition 37 we observe that we have the natural identity
(g o pop)* = pyg* o pug*. This property in fact holds for any pair of composable
relations.

Proposition 48 Let p: X ~ Y and v : Y ~» Z be relations of probabilistic
relations. Then we have

(vou) =u ov'
Proof. The proposition follows for characteristic functions immediately

from lemma 40.
For C € B(1z) we have

(vou)*([xcl) = e 2 (2x xa0) = ey ((axy) " (€h 2 (Qy xaC))) = w* (" ([xc).

By linearity the proposition is true for simple functions and by dominated
convergence and properties of conditional expectation it is true for all functions
in Lo(Z). ®

Abusing the language slightly as explained previously we can summarize
these investigations in the following theorem
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Theorem 49 F' is a contravariant functor from the category of relations of
probabilistic bundles R(A) to the category of A — A bimodules C4.

There are other natural functors one could define on the category of prob-
abilistic bundles. One could associate the Hilbert space Lo(X) of square inte-
grable functions to each probability space X. Markov relations p : X ~~ Y would
now be mapped to bounded linear maps p* : Lo(Y) — Lo(X). Let this functor
be H. The functor H makes possible an interesting interpretation of standard
notions like transitivity and symmetry for classical relations. Let us consider the
special case of Markov relations p: X — X. If t: Qx x4 Qx — Qx x4 Qx is
the transposition we clearly have a action of ¢ on u by ¢+ = t.u. The following
definitions are natural generalizations of the corresponding classical notions

Definition 50 A Markov relation is symmetric iff t - © = p and transitive iff
fLo = .

For a given Markov relation let Supp(p) be the support of the measure pu.
The support of a Markov relation is clearly a classical relation on Q2x. We can
prove under quite general conditions that Supp(u) is transitive and symmetric
if p is transitive and symmetric. The defined notions are thus the natural ones
for Markov relations.Using the results from above it is evident that a symmetric
transitive Markov relation p : X ~~ Y is mapped to a orthogonal projector u*
on the Hilbert space Lo(X). Symmetric and transitive classical relations are
"almost" equivalence relations so orthogonal projectors are in this way closely
linked to the notion of equivalence relations. We will not pursue these matters
further here but will defer them to a future publication.

5.2 Quantizations

Functors between monoidal categories should preserve monoidal structures up to
natural isomorphism. This is the natural notion of morphism between monoidal
categories[7]. We have interpreted these natural isomorphisms in terms of the
physical notion of quantization and defined the notion of quantizers in the cat-
egorical context. This idea has been explored in several papers [8],[9] and
preprints.

The coherence conditions for the monoidal structures leads to conditions for
the quantizers. These conditions take the form of commutative diagrams within
the categories in question; these are the quantizer equations. Each solution
of the quantizer equations leads to a uniform way of quantizing all structures
defined in terms of the monoidal structures.

Thus in order to quantize we need a monoidal structure. In the category
C 4 the tensor product of bimodules over A is an obvious candidate for such a
structure. We now briefly recall its construction.

For any two objects F and F' in C4 we define a continuous map ¢ : £ ®;
AR, F — FE®; F by

o= (1p®up) — (ux ®1p)
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Let M = ¢(E ® A® F) be the closure of the image of ¢ in E® F and define
E@AF = (E®, F)/M

This is a Banach space and the canonical projection 7 : E®, F — E®4 F
is a continuous open map with ker(w) = M.

The product ® 4 sets up a bijective correspondence between the set of con-
tinuous linear maps g from F ® F' to G that satisfies M C ker g and the set of
continuous linear maps from F ®4 F to G.

Note that ker g is always closed so that M C ker g if and only if the image of
 is included in the kernel of g. Let f: X — X’ and g : Y — Y’ be morphisms
of A — A bimodules.

Define a continuous map F': X @ Y — X’ ®4 Y'by

Flx®y) = f(r)®ag(y)

For this map we evidently have M C ker F' so we get induced a unique map
fOAg: XR4Y — X' ®4Y. It is now easy to see that with this value on
maps the product ® 4 defines a monoidal structure on the category C4 with
associativity constraint a* given by a(z ®4 (y ®4 2)) = (x @4 y) D4 2, unit
object A and unit constraints

BL: A®A Loo(X) = Loo(X)
7? : LOO(X) XA A — LOO(X)

defined by B¢ ([h] ®4 ) = pik ([h] ® =) and similar for v4.

These maps are well defined because jily and % define the A — A bimodule
structure on X and then by definition their kernels contains the image of the

map . They are clearly invertible.
Collecting together these observations we have

Theorem 51 (® 4, A, a?t, A, 7A> is a monoidal structure for the category C 4.

We will apply this general formalism to the case of quantizations of the
identity functor on the category C 4.
For this case a quantization is a isomorphism

quiX®AY—>X®AK

that is natural in X and Y and that is a solution of the following set of
coherence conditions
Ix@.v,z ° (qxy ®alz) = axye.z o (1x ®aqv,z),
B? °qA,x = ﬂ§7
VR 0 qx.4 = 7%

Let A2 = A®,; A,A% = A®, AR, A etc. Note that A" is an object in the
category C 4.

35



Deﬁnemapsﬁ:AxAxA—>A2®AA2andﬁ:AxA—>.A2®AA2by

?(aa ba C) = (a Qn b) DA (1 Qr C),
Aa,b) = (a® 1) @4 (105 b).

The maps 7 and A are multilinear and continuous and thus define unique
continuous linear maps v : A3 — A2 ®4 A% and A : A2 — A% ®4 A2%. They
clearly respect the A — A bimodule structure and are thus morphisms in C 4.

For a given pair of objects X and Y in C4 and points ¢ € X and y € Y
define morphism ¢, : A? — X and ¢, : A2 - Y by

0z(a®b) =axb,py(a®b) = ayb.

Here for simplicity we write az for ul(a ® z) ete.
Using these morphisms and naturallity it is easy to show that any quantizer
qxy must be of the form

axy (T ®@4y) =7(q) - (@4 Y)

where for any element s € A% ® 4.A? of the form s = Y. (a; ®b;) ® 4 (¢; ® d;)
we define

s-(@@ay) =Y (awh;) @ (ciyd;)
i
Using this representation of gxy we can reduce the equations for the quan-
tizer to equations in the algebra A3.
The resulting equations are

(1az @4 D) (v(9) (1 ®a7(q) = (
(p®1a)(g) =1
(la®wp)(g) =1

where p: A® A — A is the product on A

w([f1 @ [g]) = [fd]

In addition to this set the condition that gxy is a morphism in C4 leads to
the equations

A@ala2)(v(0)(1(q) ®a 1a2),

)
)

A(R)y(q) =v(9)A(R) ¥ he A%

These last equations are however trivially satisfied for our case since the
algebra A is a commutative algebra.

As an example of what we can get by solving these equations let us as-
sume that the probability space A = (Qa,B(74),14) is finite with Q4 =
{1,2,3,....,n}. Then since we are only considering Hausdorf topological spaces
we have B(14) = P(Qa) where P(Q4) is the power set of 24 and thus all
functions are measurable. The measure p 4 is then defined by a set of numbers
{pi)_;. Let us for simplicity assume that p; # 0 for all ¢. Then there are no

36



sets of measure zero and so for any function we have [f] = {f} and the algebra
A is equal to the algebra of all complex valued functions on the finite set 4.
Let 0; : Q4 — C be defined by 6;(j) = 1 if and only if ¢ = j otherwise it is equal
to zero. The set of functions {0;}7 ; is evidently a basis for .4 and the algebra
structure is given by

00 :{ 0 if i=]

0 if i#j
An element in A% can be expanded in the basis {0; ® 0; @ 5} by
q= Z gijrti @ 0; ® Oy
ij.k

The quantizer equations for this case reduce to a large set of quadratic
equations of a very simple form.

QijkQimk = GimkGijm YV 1,75, k,m
Giik = 1 Vi, k
Gikk =1 Vi, k

These equations have nontrivial solutions even for the case of n = 2. For
this case there is one family of solutions given by

q:1+t(92®91®02+91®92®01) teC
The action of ¢xy is for this solution given by
Idxy (T ®@ay) =2 @4y + t(0220; @4 Y0 + 01202 @4 yb1)

Note that the quantizer acts trivially if the /4 — A bimodule structure on X
or Y are symmetric, meaning ax = za etc. This is certainly true for the objects
Loo(X) and L (Y) where X and Y denote probabilistic bundles in P(A4). Thus
we can not use these quantizers to deform the algebra structure on Lo, (X). This
is true not only for this particular case but also true for any n.

Let X and Y be objects in C4 and let Hom(X,Y) be the set of continuous
linear maps from X to Y. The set Hom(X,Y') is clearly a Banach space since
X and Y are Banach spaces. It is also a 4 — A bimodule if we define for
he Hom(X,Y) anda € A

(ah)(z) = a(h(z))
(ha)(z) = h(az)

Therefore Hom(X,Y) is an object in the category Ca.Define a map ¢ :
Hom(Y,Z) x Hom(X,Y) — Hom(X, Z) by

G, h)y=Hoh
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It is easy to see that this map is continuous and A — A bilinear. It therefore
define a morphism

c:Hom(Y,Z)®4 Hom(X,Y) — Hom(X, Z)

This map c is clearly just the composition of morphisms in the category
C4. We have thus internalized the operation of composition of morphisms. The
quantizers will in general act nontrivially on Hom(Y,Z) ® 4 Hom(X,Y) and
will thus lead to nontrivial quantizations of composition through

cg(g®a f) =c(v(q) - (g®a f))

As an example of this let us consider the case with n = 2. Let Qx = Qu,
px be the transposition on Q4,0x(1) = 2,0x(2) = 1 and px = (©x)lta.
Then (Qx,P(Qx), ux,px) is a object in P(A) with Lo (X) = C2. The set
Hom(Loo(X), Loo(X)) is a algebra in C4 and through the basis {6;} isomorphic
to the set of 2 x 2 complex matrices. Composition of linear maps turns into
matrix product and the quantized composition ¢, will turn into a deformed way
of computing matrix products. For the family of quantizers computed above we
find the new product to be

ab*a’b'_ab a’b’+tbc’0
c d | d| |e d d d 0 ¢b

It is easy to verify directly that this product is associative,distributive and
has the identity matrix as a unit. This algebra is isomorphic to the original
2 x 2 matrix algebra for all ¢ # —1. For ¢ = —1 it is not semisimple with a 2
dimensional nilpotent Jacobson radical.
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