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Abstract

We suggest a new method for investigation of finite dimensional dy-
namics for evolutionary differential equations and illustrate this method
for the case of KdV equation. As a side result we give constructive solu-
tions of a boundary problem for the Schrodinger equations which poten-
tials are solutions of stationary KdV equations and their higher general-
izations.!
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1 Introduction

We suggest a method for investigation of finite dimensional dynamics for evolu-
tionary differential equations and illustrate this method for the KdV equation.
We outline the method for scalar evolutionary PDEs in dimension 2 but similar
constructions for higher dimensional cases and systems of PDEs can be done in
the same way by use results ([6]) instead of the classical Frobenius theorem.

Let’s discuss in more details the case of scalar evolutionary PDEs in dimen-
sion 2. In this case there are two main points. First of all, if we consider an
evolutionary PDE as a "dynamic" on a function space them a finite-dimensional
sub-dynamic can be viewed as a dynamic on a solution space of some ordinary
differential equation (ODE). This leads us to the second step of the description
finite dynamics. We shall look for such ODEs that the given evolutionary PDE
is a symmetry for the ODE. Putting all these together we can reformulate the
problem of finding finite dimensional dynamics for an evolutionary PDE as a
problem of finding ODEs for which the given evolutionary PDE is a symmetry.
This gives us a differential equation for functions on jet spaces describing ordi-
nary differential equations. In practice it is enough to find polynomial solutions
of the equation.

I This manuscript has not been published or considered for publication elsewhere.



The paper is organized as follows. In the first part we present geometrical
theory of ODEs in the suitable for us form. Namely, we consider general ordinary
differential equations (not only resolved with respect to highest derivative) and
recall theory of shuffling symmetries and their use for integration ODEs. This
type ordinary differential equations we’ll need for description of dynamics. We
illustrate this approach for the Schrodinger equation. This was done for two
reasons: it is instructive to see how shuffling symmetries work for this case, and
secondly, because these results shall be used in the second part in application
to the KdV equations. It is worth to note that shuffle symmetries allow us
to solve in quadratures the eigenvalue problem for the Schrodinger equations
which potentials satisfy stationary KdV equation or its higher analogues. In
the second part of the paper we describe in details low-dimensional dynamics
(up to dimension 4) for KdV equation.

2 ODEs and Dynamics

2.1 Geometry

Denote by J” the space of m-jets of scalar functions on R with canonical coor-
dinates (P, Pm—1, -y P1, P05 L) -

In these coordinates the Cartan distribution C,,, on J™ ([1],[5]) given by the
Cartan differential 1-forms

wo = de - pldwy iy Wm—1 = dpm—l - pmd$~

This is a 2-dimensional distribution and its generated by two vector fields

and

For any smooth function f € C* (J™) we have
df = fpmdpm + Dm (f) dxr mod (w()a ";wm—l) .
Define a bracket on the algebra C*° (J™) as follows

[f,9] = fp,,Dm (9) = 9p,, D (f) - (1)

This is a skew-symmetric bracket which satisfies the following version of the
Jacobi identity

[/, g, bl] + [g, [P, FI] + [h, [ £, 9] (2)
= fpm71 [ga h] ~ 9pm— [f’ h] + hprnfl [fv g]' (3)



The bracket is a bi-derivation and we denote by Z the vector field corresponding
to function f :

Zy(9) = 11,9].
Then of 9
Zy=—— D, —Dy, —.
1= ) 5
Note that vector fields Z¢ belong to the Cartan distribution, and due to (2)
of 99 0
Ly, Zgl =2 Zg — Z —
[ b 9} [ﬁg] * apm—l g 8p7n—1 f + [f’ g] 8pm—l

An ordinary differential equation (ODE)

F(%wywwﬁm)ZO (4)
of order m in the standard way defines a subset
&= {F (xvp(b 7pm) = 0} cJm

We call point z,,, € £ singular if either £ is not smooth submanifold at x,,, or
the tangent space T,, € and the Cartan plane C,, (z,,) are not transversal , i.e.

Crm () C Ty, E.

Denote by %(€) C £ the set of the singular points, and by & = £ \ 2(€) the
set of regular points of £.
Note that the subset X(&) of singular points is defined by equations

oF
Opm

and in general has codimension 2 into £.
The restriction of the Cartan distribution C,, on the regular part &

F =0, =0, D, (F)=0 (5)

Ce iz € E— Cg (xm) =Cp (T'm) N Txmg

defines a 1-dimensional distribution on &.

This is easy to see that this distribution is generated by the vector field Ag.

By solutions of ODE (4) we shall mean integral curves of the distribution
Ce or integral curves of Ap.

Note that condition 6‘9}% (zm) # 0 at a point x,,, € & implies that coordinate
function x can be used as a local coordinate on the integral curve of Zp passing
through the point, and therefore the curve can be presented at the form

" h (z)

drm y -+ PO :h(l?)

Pm =

where the function h (z) is the smooth solution of the ordinary differential equa-
tion (4).

It 8%1 (m) = 0, then the smooth integral curve of Cg shall represent a
"multivalued" solution of (4).



Example 1 The hypergeometric ordinary differential equation represents by
function
F=az(l-2)ps+(c—(a+b+1)z)p1 — abpo,

where a,b, c are constants with ab # 0. Then & is a 3-dimensional submanifold
in J2 = R* diffeomorphic to R? and the singular set ©.E consists of two straight
lines

abpo+(1+a+b—c)p1=0,2+a+b—c)pa+(1+a+b+ab)p, =0,z =1,

and
abpg —ep1 =0,(L+¢)pa — (L+a+b+ab)p; =0,z =0.

Therefore integral curves which are not coincide with these two lines represent
(multivalued) hypergeometric functions.

2.2 Shuffle Symmetries

By Sol (£) we denote the space of solutions of the ordinary differential equation
(4), that is, the set of all integral curves of the Cartan distribution C¢. In general
this set does not possess any "good" topological or smooth structure, so we shall
use geometry of jet spaces to induce a geometry on Sol (€). In some particular
cases, for example when the equation can be resolved with respect to the highest
derivative F = p,, — Fo (2,p0, s Pm—1) , € *R™T and Sol (£) ~R™. The last
diffeomorphism can be done by taking the initial data.

Two notions have the greatest importance for us : functions and vector fields
on Sol (€).

Namely, by functions on Sol (£) we understand the 1-st integrals of &, or in
other words functions f on £ which are smooth in some domain and constants
on integral curves of C¢ : Ap (f) = 0,0r

on &.

"Vector fields" on Sol (£) correspond to (infinitesimal) symmetries of differ-
ential equation (4). One might consider symmetries as vector fields on &, that
are symmetries of the Cartan distribution C¢. It is easy to see that all vector
fields proportional to Ap are symmetries, and they are trivial (or characteristic)
in the sense that they produce trivial ( or identity) transformations on the set
Sol (£).

Because of the triviality we shall consider equivalence classes of symmetries
modulo characteristic symmetries. We call them shuffle symmetries, (see [1]).

To find them we note that any such class has a representative Y of the form

- 0
Y = Zaiaipi.

=0



Computing the Lie derivatives of the Cartan forms we get

da;
Ly (w;) = daj — aji1dx = —=dpy + (D (@) — aj41)dz mod (wo, ..o, wim—1) =

Opm
_aaijF+F Dm a:) — a;
- ( ) pm( ( ]) j+1)dmm0d(w07"‘VWm717dF)
Fpm
F .
— (M — aj+1)d$ mod (WO, ey Wim—1, dF) .

Pm

Because dx does not vanish on &, we get
41 = 6((1]‘) on 50

forall j =0,..,m— 1.

Here 1
0=—1"72p.
Fp.. "
Summarizing, we see that shuffling symmetries have representatives of the form
0 0 0
Xg=0=—46(p) 5 + ... + 6™ (@)
©= o () o () o

for some functions ¢ € C* (&) .
Requirement that X, tangents to & leads to the Lie equation

N OF
; op; 5'(¢) =0o0n &. (6)

We call ¢ € C= (&) generating functions of shuffling symmetries.
One can easily check that

[Xo, Xo] = X(p,y]
where

(6.4] = X (1) — Xy (6) =
3 (api ) - 5o w)).

=0

The bracket [¢, )] defines a Lie algebra structure on the space of all shuffling
symmetries.

In order to see analytical meaning of the shuffling symmetry let us consider
a smooth (low) solution of the ordinary differential equation ho(z) and let

LO = {pO = hOapl = h()a ey Pm = h(()nL)}

be the prolongation of ho(z) to m—jets.



Let A; be the flow corresponding to a shuffling symmetry X,,.

Then Ly C £ and L; = At(L()) cé.

Curves {L;} (at least locally and for small ¢) are m—jets of the functions
hi(x), that is

Lt = {pO = htapl = héa ey Pm = hi(trn)}

and hi(z) satisfies the same ordinary differential equation. Moreover, the
function wu(t, z) = h:(z) satisfies the following evolutionary equation

ou o"Mu
5 —@(x,u,uw,...,ax—m) (7)

and
ul,_o = ho ().

In the other words, if ¢ is a generating function of a symmetry and ho(z) is
a solution of &, then the function u(t, x) satisfies equation (7) with initial data
u(0,x) = ho(z), and u (¢, ) is a solution of £ at any fixed moment ¢.

2.3 Integration by symmetries

We refer to ([1]) for integration of ordinary differential equations with solvable
symmetry group, and discuss here the case of commutative symmetry algebra
only.

We begin with the following observation. Let vy, .., v, be linear independent
vectors fields on domain D C R™, and let

[Uhvj] =0

foralli,5=1,...,n.
Take independent functions fi,.., f, on D and define deferential 1-forms
01, ...,0, as follows

0 =wWLdf,
where
01 df,
02 dfa
On, dfn
and

Then 64, ...,0,, constitute the dual basis to vy, .., vy,.

Lemma 2 df; =0 foralli=1,..n.



Proof. We have 6; (v;) = d;;, and therefore

dO; (va,vb) = vq (0 (vb)) — vp (0i (va)) — 0; ([va, ve]) = 0.

]

We apply this result for ordinary differential equation integration.

Assume that in a domain D C £CE = F~! (0) C J™ one has m commuting
linear independent shuffling symmetries ¢1, .., ¢,,. Then [Zp, X4,] = 0. Indeed,
by the definition of symmetry [Zr, X4,] = AZp for some function A. Applying
both sides to the coordinate function = we get A = 0.

Therefore, vector fields Zr, Xg4,, ..., X4,, commute and linear independent.
To get 1-st integrals we need the following construction. Let us define a Cartan
form wy corresponding to function f € C* (J™) as follows

wf:;c?pz

‘wia

where
wi = dp; — piy1dr,0 <i <m —1,
and
F,, . dpm — Dy, (F) dx
Wy, = .
Fp,.
Then

wy (X¢) :X¢ (f) and wy (ZF> =0.

Theorem 3 Let ¢1, .., ¢, be commuting shuffling symmetries for ordinary dif-
ferential equation & = F~1(0) C J™, and let D C &y be a domain where vector
fields Xg,, ..., Xy, are linear independent. Let fi, .., fm be functions such that
functions x, f1, ..., fm are independent in D. Then differential 1-forms 61, ...,0,,
defined by

0= W71Wf,
where
91 U.Jfl
92 w2
= . y Wf = . )
O Wh
and
Xo (f1) X, (f1) - Xg, (f1)
Xy (f2) Xg, (f2) - Xo,, (f2)
W - : : . :
X¢1 (fn) X¢2 (f’ﬂ) t X¢m (fm)

are closed in D and 0;(Zr) =0 for alli=1,...,m.



Proof. We have
dz(Zyg) =1, wy, (Z5) =0,

and
dx (X¢71) =0, Wi; (X¢j) = X¢j (fZ)

foralli,j=1,...,m.
Therefore differential 1-forms

dx,01,....,0,,
constitute the dual basis for
Zpy Xy X
and the theorem follows from the above lemma. =

Theorem 4 Let ¢, p1,.., ¢, be shuffling symmetries for ordinary differential
equation € = F~1(0) € J™, and let D C &y be a domain where vector fields
X1y Xo, are linear independent. If a vector field X4 is a linear combination
of the fields Xg,, ..., X¢, then the shuffling symmetry ¢ is a linear combination
of ¢1,..,¢r in the domain D :

¢=Md1+ -+ Aoy
where coefficients A1, ..., A, are 1-st integrals for E.
Proof. In the domain D we have
Xo=MXg, +- -+ A Xy,

for some functions Ay, ..., \;,.
Then ¢ = Xy (po) = M1 + -+ + Ay
As we have seen [Zp, Xy] = 0, for all shuffling symmetries, therefore

[ZF,X¢] = ZF()\l)X¢1 + -+ ZF()\m)X¢m =0
and Zp (N\;) =0foralli=1,...m. m
2.4 The Shrodinger equation

2.4.1 Linear Symmetries

In this section we apply the above approach to the Shrodinger equation

y" +w(x)y =0. (8)

We look at the linear symmetries of this equation given by generating functions

¢ =a(x)pr+b(z)po.



Substituting ¢ to the Lie equation we found that ¢ = ¢py + ¢, where c is a
constant, and
7 (z)

2

where function z = z (x) satisfies the following equation

¢. =z (x)p1 — Do,

2"+ 4wz + 2w’z = 0. (9)
Note that symmetries pg and ¢, commute and assuming that z given one can
find first integrals by quadratures. Namely, taking f; = pg, fo = p1 in theorem
() one can get two differential 1-forms 6; and 02 and integrals H; and Ho.
The first integral H = H; can be chosen quadratic in pg, p; :

H = 22p% — 22'pop1 + (2 + 2wz) p2.

We'll rewrite this integral in the following way. Let us note that equation (9) is
defined by the skew-adjoint operator

d? d
L="" 44wl you
dm3+ wdm+ v

and the Lagrange formula shows that
K (2) = 22 (2" 4 2wz) — 2"

is a first integral for equation (9).

We say that symmetry ¢, is elliptic, hyperbolic or parabolic if K (z) > 0,
K (z) <0 or K (z) = 0 respectively.

Using the symmetry we can rewrite the first integral in the form

_ 2(¢2 + kpp)

z

H

where 4k = K (2) .
Taking now f; = H, fo = po in theorem () we find two differential 1-forms
with

dH
T
and the restriction 6 of the second form 65 on levels H = 2c¢ equals to
o dpo — prdzx
-
Let
_ ¢
o = )
||
8= Po

Ne



Then
H =2(a®+kB% =2¢c

and the restriction 6 takes the following form

g9
e z

Integration of 6 gives the following solutions of the Schrodinger equation.

Theorem 5 Let ¢, be a linear symmetry of (8). Then solutions of the Shrdodinger
equation has the following form

o for elliptic symmetry ¢,

y(z) = \/czli‘msin(\/g/;z))a

o for hyperbolic symmetry ¢,

yle) == s [,

e for parabolic symmetry ¢,

y(2) = V]ez(@)] / ‘fi)

Here H = 2c.

2.4.2 The Spectral Problem

In this section we consider such potentials w (x) that the corresponding eigen-

value problem
y' +w(@)y =Xy (10)

possesses linear symmetries z (x, \) which are polynomial in A.
Let

2(2, ) = 20 () N+ 21 ()N bz () A 2, (2)

be a linear symmetry for equation (10).
Then the Lie equation gives a polynomial (in \) of degree n + 1

2" (2, ) + 4w (z) = ) 2 (2, A) + 20" (2) 2 (x,A) =0

and recursive set of equations on zj :

z, =0,
1

Zpy1 = ZL(zk), k=0,...,n—1,
L(z,) =0.

10



Taking zg = 1, we get inductively functions z; = z (w) by

S (w) = 1 / L (zy(w)) da,

k=0,1,...
The first functions are the following

w
z1(w) = — + ¢,

2
w’ + 3w? c1
22(“’):T+5w+cz,
(4) 5 2
z3(w) = 11;72 + 6 <ww” + w? +w3) + % (w// 4 3w2) i %w +es,
2a(w) = w®) N 7w w® N 7(3’(1}”2 + 10w2w” + 10ww' + 5’(1)4)
128 = 32 128

+ L (w@ 4 10(ww” + w? rut)+ 2 (w” + 3w?) + Bw+ ey
32 2 8 2
The conditions L (z,(w)) = 0 which can be reformulated also as 2, ;(w) = 0
are called n-th KdV stationary equations ([2]).
Below we list the first KAV equations :

0-th KdV
w =0,
1-st KdV
w4 6ww’ + 4w’ = 0,
2-nd KdV

w® + 10 (ww"” + 2w'w” + 3w?w') + 4ei (w” + 6ww’) + 16cow’ = 0.

We conclude that potentials w which satisfy the n-th stationary KdV equa-
tion possess linear symmetry ¢g, with

S, = A\" + sz)\n—k'.
k=1

As we have seen function K = 2z (2 + 2 (w — \) z) — 22 is the first integral of
the Lie equation and therefore coefficients of the polynomials

Qn =25, (S +2(w—\)S,)—S5?

are first integrals for the n-th KdV equation.
For example, for the classical (first) KdV equation, w"”’ + 6ww’ +4ciw’ = 0,
one has

w
51:/\4‘54—01

11



and
Q1= —4) —8c1A* + qu1 A + quo

where

qu1 = w" + 3w? + deyw — 4¢3,

2) "o 02 4 3
g0 = ww ’;U +aw + C1 (w” + 411)2 + 401’111)

are first integrals.
Solving the KdV equation together with equations g1 = const, g19 = const
we get 1-st order ODE for w :

w? = 2w — deqw? + 2 (g1 + 4c§) w+4(c1q11 — quo + 4c§’)

and solutions
201
w = —2@(1' + 6;92;93) - ?

where p (z, g2, g3) is the Weierstrass elliptic function with invariants

4c% — 6c1 g5 = — 1520513 5q11C1
3 77

27 3

g2 = + 2q10-
For the second KdV equation,

w® + 10 (ww"” + 2w'w” + 3w?w') + 4ei (w” + 6ww’) + 16cow’ = 0,

one has
o=t (Bae)as R A,
and
Q2 = —4X° —8ci At — 4 (cf 4 2¢2) A* + g22 A% + g1 A + q20
where

10w3 + 5w’ + 10 " (4)
q22 = Wt ow J;O wwT W 8cico + (w" —|—3w2) c1 + 4weg,

2uw® — 2w'w” 4+ w'"? + 20ww” + 15wt

g1 = 6 + (w” + 3w?) ¢f + dwerer — dcj+
4w® + 120w + 4w'? + 14w® 9
4 c1tw C2,
2w//w(4) + 6w2w(4) + 4w (4w//2 _ Sw’w’”) _ wmz + 12w/2w// + 60w3w” + 36w5
q20 =
64

4 3 _ .02 2 "
ad w4 2w i+ (W' + 4w?) cres + dwes+

12w + 13w?w” + w'"? — w'w" + ww® n 1203 + 6w’ + 10ww” + w®
C1 C2
8

4
are the first integrals for the second KdV.

12



Using these integrals one can reduce the 2-nd KdV equation to the following
2-nd order ODE & r:

25w® + 80w ¢y + 32w8(2¢? 4 5ep) — 16w®(24cicn 4+ 5Q20)+

32wt (—T2¢ica + 28¢5 + 5Qa1 — 9c1Qaz) + 256(—8cica + 4k + Qa1 — c1Q22)*+

256w (8cica + Q22)(8ctea — 4cs — Q21 + c1Q22) — 256w (8ciea — c1(—4c3 + Q21))

— 256w (cf Q22 + €2Q22) + 64w* (3265 + Q35 + 8c2(Q21 + c1Q22))+

76w° (w')? + 152wc; (w')? 4 64w (c] + 3ca)(w')? — 64w(4es + Qa1)(w')*—

64w? (6crc2 + Qa2)(w')*+

128(8ctcs — €1(20¢3 + Qa1) + c1Q22 + 2(2Q20 — 2Q22)) (w')? — 20w? (w')* — 16wey (w')*+

16(ct — 4co)(w')* + 80w (w')?w” + 96we; (w')?w” + 128wey (w')?w' —

32(8cico + Qa2) (W) 2w — 8(w') w” — 10w (w”)? — 16wc; (w”)? — 32w?ea(w')*+

16w(8cica + Qa2)(w”)? — 32(—8cicy + 4cs + Qa1 — c1Q20) (w" )+

(20w + 8¢p) (w')?(w”)? 4+ (w")* = 0

Two cases when ¢ = 0, and ¢ = 0,q = 0 give us shorter ODEs:

c=10
25w + 160w Q21 + 256Q3, — 80w’ Qay — 256wWQ21 Q2o + 64w Q34+
76w’ (')’ + 512Q40 (w')* — 64wQa1 (W')? — 64w>Qay (w')? — 20w? (w')* +
80w? (w')” w” — 32Qas (w')* w” — 8 (w')* w” — 10w* (w”)? = 32Q2; (") +
16wQas (") + 20w (w')* (W) + (w"”)* =0

25w + 76w° (w')” — 20w? (w')* + 80w? (w')* W’ —

1
8 (w) w” — 10w (w”)? + 20w (w')* (w")* + (w”)* =0

Later on we shall see that these equations has 2-dimensional commutative
symmetry Lie algebra generated by translations and the 1-st KdV, and therefore
can be solved in quadratures.

Now we apply theorem (5) to spectral problems for the Shrodinger ordinary
differential equations in which potentials are solutions of n-th KdV equations.
This gives us complete and explicit solutions of the spectral problems.

We illustrate this method for potentials which satisfy the first KdV equation
(this is the case of a special Lame equation) and for the following boundary
problem on an interval [a, ]



Then theorem (5) shows that smooth eigen functions

V@1 (N) [T dr
( 2 /a 51(7))

|51 (2)]
Q1 (M)

sin

yla) =2

do exist if:

e S; = A+ 3 +c1 #0 on the interval,

[ ) Ql ()\) > 0,
’ b dr _ 2mmn
o Si(1) V@1 (M)
for n € Z.

Summarizing we get the following result.

Theorem 6 Let potential w satisfies the classical KdV equation, w"”' + 6ww’ +
deyw’ = 0, then spectral values A for the boundary problem (10) are given by
formula

A= p(avg%g?)) - 201/3

where a are solutions of the equations

ob+c—ajola+c+a) )
Q(b_a)g(a)+lna(a+cfa)a(b+c+a) =2mni, n€Z,

such that Q1 (A) > 0 and

1
/\>—c1—§min[w($),a§x§b],

or

1
/\<—cl—§max[w(x),a§m§b].

Here
Q1 (A) = —4X* =81 A% + qu1 (W) A + qio (w),

and constants q11 (w) and qio (w) are values of first integrals q19 and g1 on
the solution w. Function ((«) is the Weierstrass zeta function and o(z) is the
Weierstrass sigma function with invariants

4c¢? — 61 152¢8  5q11 (w) e
_— = — — 2 .
3 )y 93 97 3 + 2q10 (w)
The eigen functions corresponding to the eigenvalue A have the following

form:

g2 =

14



Proof. Since
261

=—2p(z+ec, 92,93)—?

we have

I:/b dr :/b dr '
o A5 +a 0 A= (T+¢,92,93) +2c1/3
Let a be such that
p(a,g2,93) = A+ 2¢1/3.
Then (see [7])

bre dr 1 o(z—a)
1= —/ =— 2z€(a)+1n Z+°C .
a+c W(Tﬂ 92793) - p(aagbgi’)) @/ (a7927g3)( ( ) ( )) | *
Because
0 (2,92, 93) = 40° (2, 92, 93) — 9200 (2, 92, 93) — g3
and

pl/ (.’17, 92, 93) = 6@2 (.’I}, 92793) - 92/27
we get the following values of the first integrals ¢q17 and gq9 :
qui(w) = w” 4+ 3w? + deyw — 4ct = go — 16/3¢3 = —2¢; — 4c3,

2uww” — w'? + 4w?
qro(w) = 4

=2/3c192 + g3 — 32/27¢3.

+ (w” + 4w? + 4clw)

Note that for
Y (Ck, 92, gd) =A + 261/3

we have

p/2 (a7927g3) = 4p3 (a792,g3) — g2 (a7927g3) — g3 = 7Q1 (A) .
Therefore
p/ (a7927g3) ==+ _Ql ()\)
and we get that

_ 1 s N o(z— ) pie 2n
I'=+ —Ql()\)(z 6( )+1 ( ))|a+c Q1(>\)

So we have

J(’Z B O[) btec__ .
+(22¢(a) +In m) ote=2mni,

where ((«) is the Weierstrass zeta function and o(z) is the Weierstrass sigma
function.

15



Finally we get the following equations for « :

olb+c—a)ola+c+ a)

= 27nji.
ola+c—a)olb+c+ a) R

2(b—a)((a)+1n

]
In the similar way one gets the following result.

Theorem 7 Let potential w satisfies the n-th KdV equation, then spectral val-
ues A for the boundary problem (10) are given by solutions of the equation

dr 2mm
= m € 7,
[ 5= v

such that Q, (A) > 0 and S, (1) # 0 on the interval [a, b].
The eigen functions corresponding to the eigenvalue A have the following

form:
R

o =2 5.7

2.5 Dynamics

It is common to use symmetries to integrate ordinary differential equations. Now
we turn it over and will use ODEs for integration of evolutionary differential
equations.
Let
0*u

oh) (1)

up = (T, U, Ug, ...
and we are looking for ordinary differential equations
F(z,y,9, 9",y D, y™) = 0

such that the Lie equation of this equation satisfies for the given generating
function . In other words, we’ll find such ODEs that ¢ is a generating function
for shuffling symmetry of them.
In this case any solution of the Cauchy problem

ou __ M thy
ot — ()0(*%.7 Uy Ugy oeey OxmTk )a

u |t=0= ho(z)

under the condition that ho(z) satisfies our ordinary differential equation can
be found as path h;

u(t, ) = he(zx)

in the space of all solutions of the ODE F(z,y,y’,v", oy y(m)y =
(see 2.2).

16



Conditions for F is given by equation (6):

> 0 8 (@) =0, if F=0. (12)
= Opi

In this equation @ is the restriction generating function ¢ on the equation F~1(0)
and all its prolongations:

F=0,
D (F) =0,
D?(F) =0,...,
where
p- 1 p 2y 4
~ 0z " P op -

is the total derivative.

We’ll consider relation (12) as a differential equation on F, and for solutions
F of the equation we call ordinary differential equation F' = 0 dynamics of order
m for evolutionary equation (11).

Note that in this case to find trajectory of a solution h (x) one should inte-
grate the system

Do = @7
b1 = 6(&)3

on £ with the initial conditions

Pm |t:0: h(m) (.Z‘)

Then po(t) = hi(z) gives the unknown function h:(z), and u(t, x) = he(z) is

a solution of the evolutionary equation % = (T, U, Ug,y ...y 377,:).

3 Dynamics for the KdV equation

As an illustration for the method let’s investigate finite dimensional dynamics
for the KdV equation:

Ut = U Uy + Uggn-

Substitution u = 6w establishes the relation between KdV equations considered
above and this equation. We rewrite functions z, (w), S, (A, w), @, (\,w) in

17



the canonical coordinates (pg, ..., pn, -..) on the jet spaces where py corresponds
to u.
In these notations we have the following Lenard’s recursion (see [2]):

b
20:1’21:T2+617...

and i
D(zn1) = ;L (20)
forn=0,1,...., and
L=D%+ gpoD + 1pl.

3 3
Functions
Kn = D(Zn+1)
corresponds to n-th stationary KdV equations.
Let .
Sn = Z Zi)\n_i,
i=0
and
2 2n+1 )
Qn = 2571 D (Kn—l) + ngS?L - 4AS¢2; - K2_1 = Z Qni)\Z
i=0
Then we get
X¢ (2n) = D*(22) + po2n,
and

X¢ (Kn) = D3 (Kn) +P1D (Kn) +pOI{n)
where ¢ = p3 + pop1, and

; 0
Xo = ;Dl () 5,0

This shows that differential equations corresponding to linear combinations of
zn or K, give finite dimensional dynamics for the KdV equation. Moreover,
functions g,; also produce finite dimensional dynamics.

Remark that order of z,1 equals 2n, and order K, is 2n + 1. Therefore z’s
give even dimensional and K’s odd dimensional dynamics.

Summarizing we arrive to the following result.

Theorem 8 Let ag, ....,a, € R be constants. Then differential equations:

n
Z a;z; = 0,
=0
n

Z aiKi = 0,

=0

Qnizo

give finite dimensional dynamics for the KdV equation.
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In addition to the above theorem the low dimensional dynamics given by
polynomials can be found by direct computations. Below we give and investigate
some of them in dimensions < 3.

3.1 1-st order dynamics
One can check that functions
F = 3p} + pj + aopg + a1po + ao

satisfy the equation of dynamic for ¢ = pop; + ps and arbitrary constants
ag, a1, asz.
The solution space Sol (£) can be identified with curve

3pT + pj + azpg + arpo + ag =0

on the plane (pg,p1) .
The vector field X4 on the ODE £ has the following form

as 0 aj + 2aspo + 3pg 0

_3@16790_ 6 87]91)

Moreover, the vector field

0 a1+ 2aspo + 3p3 0
b Jpo 6 Op1

is Hamiltonian with respect to the standard symplectic structure dp; A dpy with
Hamiltonian
H = 3p} + pj + aspj + a1po-

In other words the curves H = const define the solution spaces and the Hamil-
tonian flow is the flow generated by KdV.
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KdV 1-st order dynamics

Solutions of the equation F' = 0, has the form

a
U = 712@(1"4»6792793) - ?2

where p (z, g2, g3) is the Weierstrass elliptic function with invariants

a3 — 3a; _ 2Tag — 9aras + 2a3
08 BT 11664

92 =

The shift of these solutions along X leads us to the following solutions of the
KdV equation

ag

t
U(l’,t) = _]-QW <(£ - % +0392793> - ?

20



N
N/

The solution space

These pictures show the solution space and a trajectory for 1-st order dy-
namics with

F =p?+ (po—1)(po — 2)(po — 3).

The trajectory

3.2 Second Order Dynamics

Here we describe the second order dynamics. We shall consider dynamics
F (po,p1,p2) = 0 which are invariant with respect to the scale symmetry zp, +
3tp; + 2pg for KAV equation. We assign for pg weight 2 , p; weight 3 and po
weight 4 and assume that F' is a sum of homogeneous polynomial of degree < n
. The following list gives non-trivial homogeneous dynamics for small n :

n=4
Fy = p§ + 2ps + apo + b,
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Fs = 2(a + 3po)p2 — 6p] + pj + 3apg + b po + ¢,

Fy = py/4+ pipz + p3 + a(2p§ — 3pi + 6popa) + b(pg + 2p2) + ¢
where a,b and ¢ are constants, and

n =10
Fio = 8p3 + 9p1.
Note that dynamics F; and Fg coincide with g9 and ¢p1.
The previous differential equation & p gives us the following dynamics:

8192 4096 . 512 .
16384ctc2 — 16384c2¢3 + 4096¢3 + —— 3 cicipo — 3 ——c163p0 + ——Ccapg—

9
22576 cleaph — 12278 c1capy — 196 ceaph + Zf c3pg — 841 creaph + 7;9 o+
T S s et = el — it
%610217317? + 2§3c%p§pf+ 821 copipt + 19;1;;}71 16%];882741 + 8i ipi—
et = gggemt = o~ 3
5]3285% - 9;2 P2 + 6940%62]’% 392 ¢33+ ;gclcﬂ’opg 81

3 2 5]9()202 1 2 9 5pop1p2 p% 128 2Q20—

186 C1P0P2 T 93508 T 16 P2 T Tygp T a9 T g 1
C2P(2)Q21 +

40962 c2Qa1 + 2048¢2Q01 —

10 32
4@21 01P1Q21

1
*Clp(%p%er

8 2
ST C2Dop1P2 + 81

81

1 2P1p2 +

C2]90272

24 128 32
c1c2poQa1 + T ?701?0@21+

8 8
27]9019%@21 - *ngm + 256Q3, + 4096¢3 2 Qa0 —

8 5 512 , 128
S cfeopoQaz — ——3poQa22 + ——c1capgQaz —

20480102Q22 + 3 9

32
27
4
81

3 27

32 4
poQ22 + =PI Qoo — —capi Qaa—

9 9

8 2
— — 512 —
—popi Q2o — 7 961292@22 + 27170?2@22 c1Q21Q22
128

128 16
7P0Q21Q22 + 256¢1 Q35 + 3 ——c1poQ3, + 31%@%2 =0

Let’s look at the dynamics in more details.

4
cappQaz — =c1py Q22 —

§ 486

p1p2Q22 +

3.2.1 F, :p%—i—?pg +(Lp()+b
In this case vector field —%qu is the restriction of the vector field

0 d  (a+2py)p1 O
Vo =1 0 +p2 i 5 3p

22

32
Clpo Q22 -



on the zero level F; =0, and X4 can be integrated in the same way as for 1-st
order dynamics.
Trajectories of Xy are given by formulae

po(t) = —12p(t + K, g2,93) — a/2

where
_ a? — 12ab _ a® — 12ab — 12¢2
P2= Ty BT 1738
and the constant can be found from initial data.

These formulas lead us to the following pathes in the solution space

u(t,z) =—12p (t — % + const,gg,gg) —a/2
with arbitrary invariant gs and gs given above.

3.2.2 Iy =2(a+ 3pg)pa — 6p3 + p + apd + b po + ¢

Differential equation & = F; ' (0) has singular points at

a
ga
, a* ab ¢

TTRTR 6

Po = —

p

Moreover, in this case symmetries X, and X, are linear dependent on the
differential equation £ and

9 |, 6pt—pi—api—bpg—c 0
dpo 2(a+ 3po) 8?1) ’
where
ab + 3¢ + 6bpy — 6p3 — 18p?

2(a+ 3po)2
is the fist integral for £, and for vector filed X, :

H =

X, (H)=0

on €.
Vector field X4 has also singularities at the points where a + 3pg # 0, and

pg+ap(2)+bp0+c:0, p1 =0.

Depending on roots of polynomial p3 + ap + bpo + ¢ we have the following three
types of phase portraits:

e Three real distinct roots. In the following picture we take roots: —1,1, 2,
and

Fs = 2(3pg — 2) pa — 6p} + pfy — 2p — po + 2
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e A real root of multiplicity 2. In the picture we take roots: 1,1,2, and

Fs =2 (3po +4) p2 — 6pT + pjy — 4p3 + 5po — 2
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N\
7 %

e Two complex roots. In the picture we take roots: 1, _1+2V =3 _1_2V =3
and

Fg1 = 6popz2 — 6p3 + pjy — 1
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Solutions of the equation F; ' (0) one can find from the first integral H. So
they are solutions of the following 1-st order ODE

b — 2ak ab+ 3¢ — 2a%k

3
Dby
3 18

2 2
=5 _g
b1 3 Do +

for some constant k, H = k.
Thus solutions of the ODE can be represented in terms of the Weierstrass
function as follows
u(z) = —12¢p (z + Co, 92,9) — k

where

_ k(b+k—2ak)

g2 = 12 :

12k% — 120k + 2 (a® +3b) k —ab— ¢
93 = 2592 :

Note that along X, function H is constant and X, = —H X, . Therefore the
corresponding path in the solution space is

u(z,t) = —12p (z — kt + Co, g2, g3) — k.

3.3 F=6(po—\p2—6p}+(po—A)°

This the special case when the polynomial pj + ap? + bpg + ¢ has root A of mul-
tiplicity 3. Without loss of generality we can assume that A = 0, and investigate
the ordinary differential equation £, where

F = 6p0p2 - Gp% —|—pg =0.
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Vector field X4 on £ is proportional to X,

X¢ =-H Xpl
with 5 5
= Pt
3p§

Where H is a first integral for ordinary differential equation £ and for the vector
field X‘i"

The ODE & can be solved directly and one gets

a2

2 (a(z+b)\ "
cosh (72\/5 )

u(z) =

Restriction of H on these solutions gives —a?/3, and therefore the corresponding
path is the solitary wave solution

a2

12 [(alzt+a?t/34b)
CObh( W )

u(z,t) =

27



3.3.1 Fio=8p3 + 9pf

In this case the vector field X on Fj' (0) is proportional X, :

Xy =—HX

P1

with )

_ 3p1 — 2pop2
2p9

Solutions of the equation F}y = 0 has the form

H

12
u(z)=B—- —,
(z+ A)

and H = —B for these solutions. Therefore the corresponding path has the
form of the rational solution

12

u(z,t) =B - ————.
(x + A— Bt)

3.3.2 Trivial dynamics
The following ODEs

2p5 — 3p? + 6pop2 + a(p? + 2p2) + b,
Py/4 + pip2 + p3 + a(2p) — 3pT + 6pop2) + b(p] + 2p2) + ¢,
po/4+ pip2 + P35 + a(2p) — 3p} + 6pop2) (P + 2p2) + ¢

give the trivial dynamics: X4 =0 on &-s.
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3.4 Third Order Dynamics

The following dynamics represent non trivial polynomial dynamics in degree
<10:

1
Fy = apy + b(pop1 + p3) + 5p3p1 — p1P2 + Pop3,

Fy = p3 + 2pips — a(ps + pop1)?,
F3 = (p3 + pipo + a) (p1 + bpo + ¢)

where a, b, ¢ are constants.

3.4.1 Dynamics for F} = ap; + b(pop1 + p3) + 2p3p1 — pip2 + pops
In this case Xy = H X,,,, where

_ 2p2+pf—2a

H
2 (b+po)

is a first integral of ordinary differential equation F 171 (0).
Solutions of ordinary differential equations H = ¢, where ¢ is a constant, or

p2
p2 =5 +epotatbe

can be expressed in terms of the Weierstrass functions:

u=—12p(x +c1,92,93) — ¢
with arbitrary g3 and
(1 —3b)c® — 3ac
12 '
The corresponding pathes in the solution space are

g2 =

u(z,t) = —12p (z + ct + ¢1, g2, 93) — ¢

3.4.2 Dynamics for Fy = p3 + 2p?ps — a(ps + pop1)?
Let a # 1, then Xy = H X,,,, where

~potVapi+2(1—a)ps
- 1—a

H

is a first integral of ordinary differential equation F, * (0).
Solutions of ordinary differential equations H = ¢, where c is a constant,

3
P2 = 5—6po+62(1—a)
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can be expressed in terms of the Weierstrass functions:
U= 12@ (17 + 01792793) +c

with arbitrary gs and
2 A(1-a)
==+ —
12 2

The corresponding pathes in the solution space are

g2

u(z,t) =120 (x + ct + ¢1, 92, 93) + ¢
In the case a = 1, we have
Fy = pi (2p2 — p5) — 2pop1ps

and X4 = H X, , where
_ P5 + 2p2
2po

H

is a first integral of ODE F;* (0).
Solutions of ODEs H = ¢, where c¢ is a constant,

2

P
P2 = =3+ cpy

can be expressed in terms of the Weierstrass functions:

u = _]-2@ (iL' + 01792793) —C

with arbitrary gs and

62

= E'
The corresponding pathes in the solution space are

g2

u ({E, t) = _12@ (SU +ct + c1, 92, 93) —C.
3.5 Fourth order dynamics
Fourth order dynamics are defined by functions

5 52 53 2
p0p2—|-p1—|-po—|—a<p2+p0)+bpo+c

F:
pat =3 6 18 2

where a, b, ¢ are constants.
It is easy to check that the vector field X4 and the ODE F~!(0) has the
following first integral

H, = 73Gbpg — 12ap8 — 5;196L — 12pg (68 + 5p%) + 36 (6ac — ap% + p% — 2p1p3) ,
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and the restriction on H; = k admits first integral

Hy = 72 (24 + 5b) p§ + 120ap] + 25p§ + 24p} (36ab + 30c + 19p7) + 432p (3a® — 12b — 4p,)
+2p; (648b% — 216ac + 5k + 684api — 180p3) +

(—216ac + k — 36p3)° — 24p3 (216 (a® — b) ¢ — ak + 36aps — 12p? (3a® + 9b + 10ps))
—216p7 (72 (a® + 2b) ¢ — ak — 12ps (dc + aps)) —

72p5 (72 (3ab — ¢) ¢ — bk + 10p] + 36bp3 — 12pF (3ab + 4c + 6aps))

+24pg (—36apt + 6¢ (—216ac + k — 36p3) + p? (432ac — k + 36ps (12b + 5ps))) .

The last ordinary differential equation Hy = ks has two symmetries X4 and X,

and they are independent and commute. Therefore the differential equation can

be integrated in quadratures.
Namely, the method discussed above gives two 1-forms

_ D2 dpo — p1 dp:

0
0 G )
Adpy+ Bd
0, = % —dz,
where
1 5 P} 3acps  kpa  cpopa  bpips
G — b - 2 2.3 _ 1 _ _ _ 0
cp1 + bpop1 + 2ap0p1 + 18p0p1 6 + o 2, o op
3 4 3
e e 15 7
6p1 2p1 + 2ap1p2 + 6p0p1p2 + T

2
P 1
A:c+bpo+a<p2+20> +E(5p§—3p§+12popz),

_ apy  5p5  api _ popr | 3
p1 2p1 p1 2p1 6pr 2p; 2 6 2py’

and integrals Iy (po,p1), 11 (po, p1) such that

dly = pidpo - pidph

G G
A B
dl, = Edpo + Edpla

and solutions can be found from
Iy =co,l1 =x+c

for some constants cg, ¢1.

References

[1] Duzhin S.V., Lychagin V.V. Symmetries of distributions and quadrature of
ordinary differential equations, Acta Appl. Math. 24,(1991), no.1, p.29-57

31



2]

Ibragimov Nail H., Transformation groups in mathematical physics, M.
Nauka, 1983

Lax P.D. Integrals of nonlinearequations of evolution and solitary waves.
Comm. Pure and Appl. Math., 1968, v.21, p. 467-490

Gardner C.S. Greene J.M., Kruskal M.D.; Miura R.M., Kortweg- de Vries
equation and generalizations, VI, Methods for exact solution, Comm. Pure
and Appl. Math., 1974, v.27, p. 97-133

Krasilshchik I.S., Lychagin V.V., Vinogradov A.M., Geometry of jet spaces
and non-linear differential equations, Gordon and Breach, 1986

Kruglikov Boris , Lychagin Valentin, Mayer brackets and solvability PDEs,1,
Diff. Geometry and Appl., 17 (2002), p.251-272

Abramowitz M., Stegun I.A., Handbook of Mathematical Functions, Dover,
1972

32



