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Abstract

We find an invariant characterization of planar webs of maximum rank.
For 4-webs, we prove that a planar 4-web is of maximum rank three if and
only if it is linearizable and its curvature vanishes. This result leads to
the direct web-theoretical proof of the Poincaré theorem: a planar 4-
web of maximum rank is linearizable. We also find an invariant intrinsic
characterization of planar 4-webs of rank two and one and prove that in
general such webs are not linearizable. This solves the Blaschke problem
“to find invariant conditions for a planar 4-web to be of rank 1 or 2 or 3”.
Finally, we find invariant characterization of planar 5-webs of maximum
rank and prove than in general such webs are not linearizable.

1 Introduction

Bol in [6] (see also [4] and [3]) proved that the rank of a planar d-web does not
exceed (d—1) (d — 2) /2. Chern in [7] posed the problem: “Determine all d-webs
of curves in the plane having maximum rank (d —1)(d — 2)/2,d = 5.”

In the current paper, we find an invariant characterization of planar d-webs
of maximum rank and provide a detailed description for the cases d = 4,5. This
is the first step for solution of Chern’s problem formulated above.

For 4-webs, it is well known that the geometry of a 4-web is determined
by the curvature K of one of its 3-subwebs, the basic invariant a and their
(covariant) derivatives.

We present the characterization of 4-webs of maximum rank in two forms,
an invariant analytic form: A planar 4-web is of mazimum rank if and only if
the curvature K of one of its 3-subwebs and the covariant derivatives K3 and
K4 of K are expressed in terms of the 4-web basic invariant a and the covariant
derivatives of a up to the third order as indicated in formulas of Theorem 9, and
in a pure geometric form: A planar 4-web is of maximum rank if and only if it is
linearizable and its curvature vanishes (Theorem 12). Note that the curvature
of a 4-web is a weighted sum of curvatures of its four 3-subwebs.

As far as we know, these characterizations are the first intrinsic descriptions
of 4-webs of maximum rank expressing maximum rank property in terms of the
web invariants.



Note that Dou (see [10] and [11]) studied the rank problems for planar 4-
webs. The conditions which he found were neither invariant nor effective. This
was a reason that Blaschke (who was familiar with Dou’s results) in his book
[3] (see §48, problem As) listed as open the following problem: “Find invariant
conditions for a planar 4-web to be of rank 1 or 2 or 3.”

Our characterizations of planar 4-webs of maximum rank indicated above
along with characterizations of planar 4-webs of rank two and one give a com-
plete solution of the Blaschke problem. The conditions we found are both in-
variant and effective, and we applied them to several examples.

Pantazi [22] found some necessary and sufficient conditions for a planar web
to be of maximum rank. The paper [22] was followed by the papers [23] and
[21]. Pirio in [25] presented a more detailed exposition of results of Pantazi in
[22] and [23] and Mihdileanu in [21]. The characterization of webs of maximal
rank in [22] and [23] is not given in terms of the web invariants.

Note also that although a geometric description of planar 4-webs of maxi-
mum rank was known (they are algebraizable, i.e., they are equivalent to 4-webs
formed by the tangents to an algebraic curve of degree four; see [4], §27), their
invariant characterization was not known.

Theorem 12 leads to some interesting results in web geometry. In particu-
lar, Theorem 12 implies immediately the Poincaré theorem (see Corollary 15).
The classical (Poincaré) theorem states: A planar 4-web of mazimum rank is
linearizable. In our exposition, this theorem becomes obvious because the lin-
earizability conditions are a part of maximum rank conditions (Theorem 12).
The Poincaré theorem was noted in the books [4] (§27, p. 239) and [3] (§44) .
Note that this theorem is called the Poincaré theorem because it is related to
Poincaré’s mapping (see [26]) which is widely used in rank problems for webs
(see, for example, [8] and [9]). It is worth to note that this theorem can be
considered as a reformulation of Sophus Lie’s result on surfaces of double trans-
lation (see [19]) in the web terms. In fact, in web terms, Lie’s result in [19]
means that a planar 4-web of maximum rank is algebraizable (i.e., it is formed
by the tangents to a plane algebraic curve of degree four). This implies that
any 4-web of maximum rank is linearizable (cf., for example, [3], §44).

Remark also that our proof of the Poincaré theorem uses essentially the
linearizability conditions found recently in [2].

In this paper, we also find invariant descriptions of 4-webs of rank two or one
(Theorems 24 and 28) and prove that in general such webs are not linearizable
(Propositions 27 and 30). Using theorem 12, we prove also that for linearizable
4-webs the vanishing of its curvature is not only necessary but also sufficient for
being of maximum rank and that parallelizable 4-webs as well as Mayrhoffer’s
webs are of maximum rank.

We also consider concrete examples of 4-webs (Examples 21, 22, 25, 26 and
29) and applying Theorem 12, establish that two of them (Examples 21 and
Examples 22) are of maximum rank, two others (Examples 25 and 26) are of
rank two and the last one (Example 29) is of rank one. Because 4-webs of
Examples 25, 26 and 29 are not linearizable, in general, 4-webs of ranks two
and one are not linearizable. We also study rank problems for planar 4- and



5-webs with constant basic invariants.

2 Basic constructions for planar webs

2.1 Planar d-webs

A d-web Wy, d > 3, on a domain ID CR? is defined by d one-dimensional folia-
tions in general position (i.e., leaves of any pair of foliations are transversal to
each other). Such foliations can be defined by d functions (1-st integrals of the
foliations) (f1, ..., fa) such that any pair of functions f;, f;, ¢ # j, are indepen-
dent, or by d differential 1-forms < wi,ws,ws,wy, ..., wg > such that any two of
them are linearly independent.

We fix a co-basis (w1, ws) and a 3-subweb W3 = (w1,ws,ws). The forms
w1, w2, and ws can be normalized in such a way that

w1 +WQ+W3:O.

One can easily prove that in this case there is a unique differential 1-form -~
such that the so-called structure equations

dw; = w; N~

hold for all ¢ = 1,2,3 (see [2]).
The form ~ determines the Chern connection I in the cotangent bundle 7% M
with the following covariant differential:

dr : w; — —w; ® 7.
The curvature of this connection is equal to
Rr : w; — —w; ® dry.
If we write
dy = Kwy A wa,

then the function K is called the curvature function of the 3-web Wj.

Note that the curvature form dv is an invariant of the 3-web W3 while the
curvature function K is a relative invariant of the web.

The scale transformation (wy,ws,ws) — (wj,ws,ws), where s is a non-
vanishing smooth function and wf = s~ w;, preserves the 3-web in the sense
that triples (w1, ws,ws) and (wf, w5, w3) determine the same web. The structure
equations for (w§,ws, wi) have the form

dwi = w; N~°

with v* =+ 4 dIn|s|, and therefore dy = dv*.
If one defines the curvature function K* by the equation

dv® = K°wj A w3,



then
K* = s’K.

We emphasize this by saying that K is a relative invariant of weight two.

Let (01, 02) be the basis dual to {(wi,ws). We put 93 = 95 — 9;. Then leaves
of the 3-web W3 are trajectories of the vector fields do, d1,and 0Js.

We denote by §; the covariant derivatives in the direction 9; with respect to
the Chern connection.

Let

Y = g1w1 + gawa.

Then
K =01 (g92) — 02 (g1),

and the action of the covariant derivatives d; on functions u of weight w is:
5 (u) = 0; (u) — wg;u.

In what follows, we shall skip the superscript when the weight of u is known.
Remark that the covariant derivatives satisfy the Leibnitz rule and

gyt st — wi

(see [14]).
For general d-web Wy = (w1, wa, w3, ....,wq) , we choose w; for i > 4 in such
a way that the normalizations

a;wy + wg + Wit2 = 0

hold fori=1,...,d — 2, and a; = 1.

Note that a; # 0,1 for ¢ > 2. Moreover, for the fixed 4, the value a; (),
z € D, of the function a; is the cross-ratio of the four straight lines in 7 (D)
generated by the covectors wi gz, w2z, w3 4, and w;to ,, and therefore it is an

invariant. The functions a; are called the basic invariants (cf. [13] or [12], pp
302-303).

2.2 Web functions

We choose (local) coordinates z,y in D in such a way that wy A dz = 0 and
wy ANdy =0. Let wg Adf =0, wiy3Adg; =0,7=1,...,d— 3, for some functions
f (‘Ta y) and gi (I,y) .

Using the scale transformation, we assume that ws = df. Then wy = — f,dx
and wp = — fydy.

The dual basis {01,092} has the form

a1 = _fgg_laa:a 82 = _fy_lay'

The connection form is
Y= —HCU?,,



where (see [14])

fxy
g1=92=H= .
fz fy

The curvature function has the following expression:

K=—f"f"(og (faf; "))

Ty
In terms of the web functions, the basic invariants have the form

_ fyGit1z

a; =
! fxgiJrl,y

fori=2,....,d — 2.

Definition 1 A planar d-web Wy is said to be (locally) parallelizable if it is
(locally) equivalent to a d-web of parallel straight lines in a domain of the affine
plane A2,

It is well known (see, for example, [3], §8) that a planar 3-web is locally
parallelizable if and only if K = 0.

For planar d-webs, d > 4, the following statement holds (cf. [13] or [12],
Section 7.2.1 for d = 4).

Theorem 2 A planar d-web Wy = (w1, wa, w3, w4, ..., wq) 18 locally parallelizable
if and only if its 3-subweb W3 = (w1, ws, ws) is locally parallelizable (i.e., K = 0),
and all basic invariants a; are constants.

Proof. Let K = 0 and a; = const. Then W5 = (wi,ws,ws) is locally
parallelizable, and we can choose local coordinates x,y in such a way that w; =
—dz, we = —dy, w3 = d(z + y). Since a; = const., then w; 12 = d(a;x + y).

Conversely, suppose that Wy = (w1, wa, ws, wy, ...,wq) is locally parallelizable.
We choose local coordinates x,y in such a way that leaves of the foliations are
parallel straight lines in these coordinates. Then

Jfa

i+1
42 ond Ji+1,x
fy Gi+1,y

are constants.
Therefore K = 0, and a; = const. due to the above formulae for K and a;.
[

3 Abelian equations

3.1 Classical abelian relations

We begin with an interpretation of the classical Abel addition theorem (see [1])
in terms of planar webs (cf. [3]). A straight line on the affine plane is defined



by a pair (r,s): rz + sy = 1. Assume that (r, s) satisfies a cubic equation, say,
s2 — 413 — gor — g3 = 0. Given (z,y), one gets the cubic equation for 7 of the
form 73 + ar? + br + ¢ = 0 with

x? b 1 +2x 1 1
aqa = ——— = — —_— c= — — — ).
4y27 4 g2 y ) 4 g3 y2

Then in the domain, where
zt — 24xy? — 12g2y* > 0, y # 0,

the cubic equation has three distinct real roots and consequently three pairwise
independent straight lines (1 (x,y), s1(z,9)), (r2 (x,y) , s2(x, y)) and (5 (z,y) , s3(z,y))
passing through the point (z,y) . They generate a 3-web W3 in the domain.

Let g5 — 2793 # 0. Then the solutions of the equation s —4r3 — gor — g3 = 0
can be parametrized by the Weierstrass function p: r =p(t), s=¢'(t). Asa
vesult, the roots (11 (z,5) ,51(2,)) , (r2 (,y) , 52z, ) and (r3 (z,1) , 53(2, 1))
correspond to three solutions (t1 (z,y),t2 (z,y),t5 (z,y)) of the equation

fO)=p®)z+¢ (t)y—1=0.
Computing the integral ®
[t
[

along the boundary of the period parallelogram, one finds the Abel relation

t1 (z,y) + t2 (z,y) + t3 (z,y) = const.

By the construction, the functions t1 (z,y),t2 (z,y), and ¢35 (z,y) are constant
on the corresponding leaves of Wj.

Consider now an arbitrary planar d-web defined by d functions Wy = (f1, ..., fa) .
Then an abelian relation is given by d functions (Fi, ...., Fy) of one variable such
that

Fi(f1)+--+ Fq(fq) = const.

We say that two abelian relations (F1,...., Fy) and (G, ...., G4) are equivalent if
and only if F; = G; + const; for all i =1, ...,d.
Obviously the set of equivalence classes of abelian relations admits the vec-
tor space structure with respect to addition: (Fi,....,Fy) + (G1,....,Gq) =
(F1 + Gy, ...., Fg + G4) and multiplication by numbers: « (F1, ...., Fy) = (aFy, ..., aFy) .
The dimension of this vector space is called the rank of the web.
In the case when d-web is defined by differential 1-forms Wy = (w1, ....,wq) ,
the differentiation of the abelian relation leads us to the abelian equation

Awi + -+ Aqwg = 0,

for functions (A1, ..., Aq) under the condition that all differential 1-forms \;w; are
closed. The abelian equation is a system of the first order linear PDEs for the



functions (A1, ..., Aq), and the rank of the web is the dimension of the solution
space.

The following example of the 3-web illustrates the above constructions. Con-
sider the 3-web W3 given by the web function

_ 2zy—zxz+y

! r+y

Then
w1 = —fodx, wy = —fydy, w3 =df.

The condition
)\1&)1 + )\2(4}2 + )\3(4}3 =0

implies

)\1 = )\2 = A37
and the condition d (Asws) = 0 gives

A=A =X =\ (t)

for some function A(t).
The other two conditions d(Awi) = d(Mwz) = 0 lead to the differential
equation on A:
20A(t) + (2 — 1) N (t) = 0.

Thus
1

)\(t)zm7

and the abelian relation
Fy(z)+ Fy(y) + F3(f) =0

corresponds to the following functions

r+1 _ Y -1
7Fg(y)—lny_17 F3(f)—lnf+1.

Fi(z)=In

3.2 Abelian differential equations

In this section we formalize the above constructions. Let Wy = (w1, ...,wq) be a
planar d-web in a domain D C R?, and let 7: E — D be a subbundle of the trivial
bundle R? x D — D consisting of points (x1, ..., 74, @), where (21, ...,24) € R%,
a € D, such that Zf Tiw; o = 0.

By the abelian equation associated with the d-web W,; we mean a system
of first order differential equations for sections (A1, ..., Aq) (i-e., 2(11 Aiw; = 0) of
the bundle 7 such that (cf. [16]):

d()\lwl) == d()\dwd) =0.

Let us write down the abelian equation in the explicit form.



In what follows, we shall choose a 3-subweb, say (w1,ws,ws), and normalize
the d-web as it was done earlier:

1wy +wo +w3 =0, aw) +ws+ws=0,...., ag_ows +wo +wqg =0,

with a1 =1 and dws = 0.
We call such a normalization standard.
Then

d (Awq
d (Aowq
d (Asws
d (A\w;

(=02 (A1) + HA\) w1 A wa,
(01 (A2) — HA2) w1 A wa,
= (02(A3) — 01(A3)) w1 A wa,
(ai—202 (Ai) — O1(Ni) + Ni (H + 02 (ai—2) — aj—2H)) w1 Awa,

~— — ~— ~—

forall i =4,....d.
We shall assume that \; are functions of weight 1 and a; are of weight 0.
Then the above formulae take the form

) —02 (A1) w1 A wa,
) 61 (A2) w1 Awa,
d(Asws) = (02 (A3) — 91 (A3)) w1 A wa,
) (02 (@i—2X;) — 01(A;)) w1 A wa.

The normalization condition Zf Aiw; = 0 implies that

d—2 d—2

AL = E i, )\222 U,
1 1
)‘i+2 = ui,i:1,...,d—2.

Therefore the abelian equation is equivalent to the following PDE system

Ay (ur) == Ag—z (ug—2) =0,
01 (ur) + -+ + 61 (ug—2) =0,

where A; = 61 — 2 0 q;.

Let 21; C J! () be the subbundle of the 1-jet bundle corresponding to the
abelian equation, and 2, C J* (7) be the (k — 1)-prolongation of ;. Denote
by 7 r—1: Ax — Ap_1 the restrictions of the natural projections Ik (m) —
JrE=1 (7).

Proposition 3 Let k < d — 2. Then Ay are vector bundles and the maps
T k—1: A — ™Ap_1 are projections. Moreover, dimkermy, 1 =d —k — 2.



Proof. Let u; .. ,, be coordinates in the jet space Jk () which correspond
to the covariant derivatives 4, - - d,, (see [14] for more details). In these coor-
dinates, the abelian equation takes the following form:

U1l = a1u1,2 + a1,2u1,

Ud—2,1 = Gd—2Ud—2,2 + Ad—2 2Ud—2,
ur1 + -+ ug—21 =0.

This means that ui, ..., uq_o are fiberwise coordinates in the bundle D «— E,

. . . . 1,0 .
while u; 9, ..., u4—3,2 are fiberwise coordinates in the bundle £ «— 2(;. Taking
covariant derivatives of the abelian equation, we observe that wu; 22, ..., uq—4,22

are fiberwise coordinates in the bundle 24 21 s , etc. This process proves the
proposition. m
Proposition 3 shows that there is the following tower of vector bundles:

™ 71,0 2,1 3,1 Td—3,d—4 Td—2,d—3
]D)<—E<—911<—Ql2<—“' — Q[d,;), — Q[d,Q.

The last projection 21y o Taz2d-s 2Ay_3 is an isomorphism, and geometrically
it can be viewed as a linear connection in the vector bundle mg_3: JA4_3 — D.
Remark that the abelian equation is formally integrable if and only if this linear
connection is flat.

The dimension of this bundle is equal to (d —2) +(d—=3)+ -+ 1= (d —
2) (d — 1) /2. This shows that the solution space Sol (2) of the abelian equation
2 is finite-dimensional and dim Sol (2A) < (d —1) (d —2) /2.

The dimension dim Sol () is called the rank of the corresponding d-web
Wy.

As a consequence, we get the following result which was first established by
Bol [6] (see also [4] and [3]).

Theorem 4 The rank of a planar d-web Wy does not exceed (d— 1) (d — 2) /2.

The obstruction for compatibility of the abelian equation is given by the
multi-bracket (see [17] and Section 7.1). The matrix of the abelian system is

Ay - 0
0 - Ay
5 - 5

Computing the multi-bracket, we get

(=) (A1, ,0) 4oy (0, ey Ag_2) s (81, s 01)} = 8180 - Ag_s (A, .., 0)

+A161A3 - Ay_o (0, Ao, .., 0) +o A Ai,ldlAiH < Ag_a (0, vy DG

+o AL A 361 (0,0, Ag2) — Ay Ag_o (61,...,01) .



Therefore, the compatibility condition for the abelian system is
»x="[0hup + -+ +0g-2uq 2 =0,
where
Li=Ar - Ago- 01— Ay Aoy 01 - Ay - Aga - A

are linear differential operators of order not exceeding d — 2.
Summarizing, we get the following

Theorem 5 A d-web is of mazimum rank (d—1) (d — 2) /2 if and only if ¢ =0
on Ag_s.

Remark that s can be viewed as a linear function on the vector bundle
A4—2, and therefore the above theorem imposes (d — 1) (d — 2) /2 conditions
on the d-web (or on d — 2 web functions) in order the web has the maximum
rank. A calculation of these conditions is pure algebraic, and we shall illustrate
this calculation below for planar 3-, 4- and 5-webs. All these calculations are
based on expressions for total covariant derivatives given in [14]. Note also that
expressions for s in the case of general d-webs are extremely cumbersome while
for concrete d-webs it is not the case.

4 Rank of a planar 3-web

Let d = 3. Then the maximum rank of W3 is one. The abelian equation takes

the form
A1 (ul) = 07
51 (Ul) =0.

The obstruction s equals
= (51A1 — A151)U1 = (5251 — 5152) U = K’U,l.

Theorem 6 A 3-web W3 is of maximum rank one if and only if it is paralleliz-
able. The only abelian equation admitted by such a 3-web is the equation

w1 + wo + w3z = 0
for the standard normalization.

Note that the above theorem was first proved in [5].

5 Planar 4-webs

5.1 The obstruction
In the standard normalization for 4-webs Wy, we put as = a:
w1 +wa +ws =0,

awi twy+ws=0

10



and reserve the subscripts for the covariant derivatives of a. Thus as = 2 (a)
and so on.
In what follows, we use the following form of the abelian relation:

(u+av)w + (u+ v) we + uws + vwy = 0,

where A\ = u+av, Ao = u+v, A3 = u, Ay = v. All summands are closed 1-forms
under condition that v and v satisfy the abelian equation

01 (u) — o2 (u) =0, 61 (v) — d2 (av) =0, 01 (u) + d1 (v) = 0.

For 4-webs, the tower of prolongations of the abelian equation is

1,0 2,1

DLE<—Ql1<—2[2,

where mo 1 : /s — 2, defines a linear connection on the 3-dimensional vector
bundle 7: Ay — D.

We shall use canonical fiberwise coordinates u,v and ug, ...., etc. in the jet
bundles instead of uy,u2,uj 1, ....

In these coordinates, the abelian equation takes the form

up —u2 = 0,02 —ave — asv = 0,u1 +v1 =0,
and the obstruction
o = (A1A251 — 51A1A2)U + (A1A261 — A1(51A2)1}

equals s = covg + c1v + cou.
The straightforward computation gives the following result.

Theorem 7 In the canonical coordinates, the restriction s on s has the form

» = coUa + c1v + cou, (1)
where
o = K4 a11 —aazs —2(1 —a)ars . (—1+2a)a? —a2d2 +2(1 —a)’ ayaz
4a(l —a) 4(1—a)’a? 7
K- Ky (a—4)ay + (11 —20a + 12a%) ay a119 — G129
T U1 —a) 12(1—a)a 4a(l — a)
ay — aag (2a — 1) (a1 — aag) a2 ((1 —2a) ay + aas)
102(1— a)"® ti-afe T T d0—afe
_ aKy—Ki  (1—-2a)a; — (a—2)aay
2 = 4a(l —a) 4(1—a)’a?

The coefficient ¢y in the expression of s has an intrinsic geometric mean-
ing. Namely, let us define a curvature of a 4-web as the arithmetic mean
of the curvatures of its 3-subwebs. More precisely, consider the 3-subwebs
[1,2,3], [1,2,4], [1,3,4] and [2,3,4] of a 4-web W, with the following normal-
izations given by the 1-forms and the basic invariant:

11



[1,2,3]: wi,ws,ws, wy;

[1,2,4]: p1 = aw1, p2 = wa, p3 = Wy, P4 = W3;

[1,3,4]: 01 = (a— 1)wy,092 = —ws3,03 = w4, 04 = —Wa;
(2,3,4]: 71 = (a — Dwa, 72 = aws, T3 = —W4, T4 = awy.

Let K[l,m,n] be the curvature function of the 3-subweb [I,m,n]. Define a
curvature 2-form Lwi A ws of the 4-web as follows

4LUJ1 Nwy = K[1,2,3]LU1 N wo + K[1,2,4]p1 A P2
+K[1,3,4]0’1 N o2 +K[2,3,4]T1 N To.

Then (see [13] or Ch. 7 of [12] for details)

K[1,2,3 = K,
1
K24 = - (K-224 002
a a a
1 ag(a; —az) | aiz —az
Kl[1,3,4] = K
[aa] a_1|: + (1—@)2 + 1—a ’
1 (2a — 1)ai(ar —a2) = ai — a2
K|2,3,4 = ——— K
2,3,4] a(a—l)[ + a?(1 —a)? a(l —a)

Computing the curvature function L of the 4-web from the above formulae,
we obtain the following geometric interpretations of the coefficient cy.

Theorem 8 The coefficient ¢y equals the curvature function of the 4-web:
Co = L.

Note that the expression for ¢y was found in [22]. Its geometric meaning
(outlined in the above theorem) was announced in [21] (see also comments in
[25]). Recently this result was proved in [27].

5.2 4-webs of maximum rank

A planar 4-web has the maximum rank if and only if the obstruction s iden-
tically equals zero, i.e., if and only if ¢g = ¢; = co = 0. This leads us to the
following result.

Theorem 9 A planar 4-web Wy is of mazimum rank if and only if the curvature
K and the covariant derivatives K3 and Ky of K, where 03 = 0o — 01 and
04 = ady — 01, are expressed in terms of the 4-web basic invariant a and its

12



covariant derivatives up to the third order as follows:

—a11 4 aa +2(1—a)as  (1—2a)a? +a2a2 —2(1 —a)® araz

K = ;
40,(1 —CL) 4(1 —a)z a2
K _ (4 — a) a; — (11 — 20a + 12&2) G,QK 4 a129 — A112 4 a4022
s 3(1—a)a a a?
(2a — 1) agarz 203 (1 —a)ay + adaq
(1 —a)a? (1 —a)a? ’
Ky — aay — (1 —a)a; — 2aag
(I1-a)a

Taking the covariant derivatives d3 and &4 of the first equation in the above
theorem, we find the values of K3 and K. Comparing the obtained values
with their values in the theorem, we arrive at two relations (see them below in
Proposition 10) between the 4-web basic invariant a and its covariant derivatives
up to the third order.

Conversely, these relations along with the values of K3 and K, obtained by
differentiation of K allow us to reconstruct the second and the third equations
of the above theorem.

This proves the following result.

Proposition 10 A planar 4-web is of maximum rank if and only if its curvature
K has the form indicated in the first equation of Theorem 9, and the 4-web
basic invariant a and its covariant derivatives up to the third order satisfy the
following two relations:

6(CL — 1)2a2[—a111 + 2(& + 1)&112 — 3aa122]

+a(a —1)[a(5(7a — 5)ay — 3(4a® + 5a — 4)asz)ai;
—2((13a® + 18a — 19)a; + 3a(3 — 5a)az)ais

+a((19a — 17)ay + 15aa2)az2

+(—34a® + 49a — 19)a3 + (26a> + 40a> — 89a + 38)aZas
+a(—31a? + 53a — 18)aia3 — 15aa3 = 0

and
6((1 - 1)2a2 [3&112 - 2(0, + 1)&122 + (10,222]
+a(a —1)[(=15a; 4+ (17 — 19a)az)a11
+2(3(7 — 9a)a; + (5a® + 18a — 11)az)ais
+(3(4a? + 5a — 4)a; + a(l — 11a)az)azs
+15(2a — 1)a3 + (56a? — 101a + 41)a%as
+(—=10a® — 41a® + 58a — 22)aja + a*(5a — 1)aj = 0

This proposition allows us to find a geometric meaning of the last two equa-
tions of Theorem 9.

Proposition 11 If the curvature of a 4-web vanishes, then conditions of Propo-
sition 10 are equivalent to linearizability of the 4-web.
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Proof. One can check that under condition L = 0, the 4-web linearizability
conditions given in [2] are equivalent to the conditions in Proposition 10. m
Now we can formulate Theorem 9 in pure geometric terms.

Theorem 12 A 4-web is of mazimum rank if and only if it is linearizable and
its curvature vanishes.

Remark 13 As far as we know, the above characterizations of 4-webs of mazx-
imum rank are the first invariant intrinsic descriptions of such webs in terms
of the web invariants. Moreover, conditions for a 4-web to be of maximum rank
include the web linearizability conditions.

Thus, we have three different (but equivalent) invariant analytic conditions
which are necessary and sufficient for a 4-web to be of maximum rank:

(i) The conditions of Theorem 9;

(ii) Vanishing of the curvature of the 4-web and the conditions of Proposition
10 ; and

(iii) Vanishing of the curvature of the 4-web and the 4-web linearizability con-
ditions from [2].

Each of these three conditions is effective and can be used as a test for
determination whether some concrete 4-web is of maximum rank (see examples
at the end of this section).

Theorem 12 leads to some interesting results in web geometry.

For linearizable 4-webs, the condition of vanishing of the curvature is neces-
sary and sufficient for a 4-web to be of maximum rank.

Corollary 14 A linearizable planar 4-web is of mazximum rank if and only if
the curvature vanishes.

Remark. The proof of Theorem 12 (and Corollary 14) is heavily based
on the 4-web linearizability conditions in [2]. For a linear 4-web, the result of
Corollary 14 was announced (not proved) in [23] (see also [25], Section 5.1.3).
Our result is more general than the result for linear 4-webs in [23].

The next corollary gives the direct web-theoretical proof of the Poincaré
theorem.

Corollary 15 (Theorem of Poincaré) A planar 4-web of mazimum rank is
linearizable.

Proof. The result follows directly from Theorem 12, because the lineariz-
ability conditions are a part of conditions of Theorem 12. m

Corollary 16 If a planar 4-web with a constant basic invariant a has mazximum
rank, then it is parallelizable.

14



Proof. In fact, if @ = const., then a; = a;; = a;jr = 0. If the 4-web is of
maximum rank, then by Theorem 12, L = 0. Substituting a; = a;; = a;i =
0 into L = 0, we get K = 0. Therefore, the web is parallelizable. ®

Corollary 17 Parallelizable planar 4-webs have maximum rank.

Proof. By Proposition 2, a 4-web is parallelizable if and only if the following
conditions are satisfied:
K =0, a=const.

It follows that L = 0. Because a parallelizable 4-web is linearizable, by Theorem
12, such a web is of maximum rank. m

Definition 18 4-webs all 3-subwebs of which are parallelizable (hexagonal) are
called Mayrhofer 4-webs.

They were introduced by Mayrhofer (see [20]). Theorem 12 implies the
following property of Mayrhofer’s 4-webs which was also proved recently in
27]).

Corollary 19 The Mayrhofer 4-webs are of mazimum rank.

Proof. First note that by Definition 18, we have L = 0. Second, it is well
known (see [4], §10; see also [13]) that the Mayrhofer 4-webs are linearizable.
Thus, by Theorem 12, the Mayrhofer 4-webs are of, by maximum rank. m

In the same way which we used to define the curvature of a 4-web, by taking
alternative sums, we can find three additional second-order invariants which are
expressed only in terms of the basic invariant a and its covariant derivatives of
the first and second order:

M = K[1,2,3] - aK[1,2,4] — (a — 1)K[L,3,4] + a(a — 1)K[2, 3, 4],
P = K[1,2,3]+aK[1,2,4] — (a — 1)K[L,3,4] — a(a — 1)K[2,3, 4],
Q = K[1,2,3] —aK[1,2.4] + (a — D)K[L,3,4] — a(a — 1)K[2, 3, 4].
Then
M o— - 20013 — aG99 N (2a — 1)a? — 2a%a1as + a®a3
ala—1) a?(a —1)2 ’
P - (a11 — aags) n (1 —2a)a? + a’a?
a(a—1) a?(a—1)2
0 = aj1 — 2a12 +aazy (1 —2a)a? + 2(2a — 1)ajas — a?a?
ala—1) a?(a —1)2 ’

Using these invariants, we can now establish a new invariant characterization
of Mayrhofer’s 4-webs.

Proposition 20 A 4-web is Mayrhofer’s web if and only if the invariants M, P,
Q@ and L vanish.
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Proof. Consider the system L = M = P = @ = 0 as a linear homoge-
neous system with respect to K|[1,2,3], K[1,2,4], K[1,3,4] and K|2,3,4]. The
determinant of this system is equal to —16a?(a — 1)2. Because a # 0,1, the
determinant is different from 0. Thus the system has only the trivial solution
K[1,2,3] = K[1,2,4] = K[1,3,4] = K[2,3,4] = 0.

Therefore, by Definition 18, the 4-web is a Mayrhofer 4-web. The converse
statement is obvious. m

5.2.1 Examples

Recall that we use the following form of the abelian relation:
(u+ av)wy + (u+ v) we + uws + vwy = 0,

where all summands are closed 1-forms under condition that v and v satisfy the
abelian equation

61 (u) = 02 (u) =0, 61 (v) = b2 (av) =0, 61 (u) + 61 (v) = 0.
The following two cases are important in applications:

v = 0: This will be the case if and only if K = 0, and the abelian relation has
the form
uwy + uws + uwsg = 0.

u = 0: In this case the abelian equation gives

81 (v) = 0,0, (v) = 222,
a
and the compatibility conditions
5251U — 51(527) = K'U,

8010 — 61000 = & (%)v

imply

K:51(%>:w.

2

a a

The abelian relation becomes

avwy + vwy + vwy = 0.

There are three cases when both these conditions hold, and therefore
uw1 + uws + uws = 0,

and
avwi + vwy + vwy = 0

are abelian relations:

16



1. Parallelizable 4-webs;
2. Mayrhofer 4-webs; and
3. 4-webs for which K|[1,2,3] = K[1,2,4] = 0.

Example 21 We consider the planar 4-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions

1—y
1—2z

fz,y) = g and g(x,y) =

Note that this 4-web is the 4-subweb of the famous Bol 5-web which has the
maximum rank six but not linearizable (see Example 7 in Section 5.2 of [2]).
Note also that the third and the fourth foliations of this 4-web are the pencils
of straight lines with the centers at points (0,0) and (1,1). This 4-web is linear
(and therefore linearizable).

First, note that because the 3-subweb [1, 2, 3] of this 4-web is parallelizable,
the web admits the abelian relation

uwi + uws + uwsg = 0.

The direct calculation shows that for this 4-web the conditions of Theorem 9
are satisfied. Moreover, the straightforward computations show that this 4-web
is a Mayrhofer 4-web, and the latter is of maximum rank by Corollary 19. The
corresponding abelian relations are

Infi—Info—Inf;=0,

In(1—f1) —In(l — fo) +1In fy =0,

lnl;—lf1 —lnl}—s_f3 —In(1—f4) =0,
where

1-—y
1—2a

T

flzxv f2:ya f3:§7 f4:
Example 22 We consider the planar 4-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions

T —xy
y—zy

flx,y) = g and g(z,y) =

(see Example 8 in Section 5.2 of [2]).

Note that this 4-web is another 4-subweb of the famous Bol 5-web. Note also
that the third and the fourth foliations of this 4-web are the pencil of straight
lines with the center at the point (0, 0) and the foliation of conics. It was proved
in [2] that this 4-web is linearizable.
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By the same reason as in Example 21, we have again K = 0 and conditions
of Theorem 9 are satisfied. Thus, the planar 4-web in question is of maximum
rank with the following abelian relations:

h’lfl —lnfg —lnf3 ZO7
1n(%71) fln<%71> +lnf, =0,
h’l(l — fl) —1In (1 - fg) —|—ln(1 - f4) = 0,

where

hi=a fo=u =2 =020

Example 23 We consider the planar 4-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions

f(z,y) =z +yand g(z,y) = 2% + ¢°.

By the same reason as in Example 21, we have again K = 0, and therefore
the web admits the abelian relation

uwi + uws + uwsg = 0.

One can check that the 4-web linearizability conditions from [2] are not
satisfied. Therefore, this 4-web is not linearizable. By Theorem 15, this 4-web
is not of maximum rank. Thus, the rank of the 4-web in question can be one or
two.

5.3 4-webs of rank two

As we have seen earlier, a 4-web admits an abelian equation (has a positive
rank) if and only if the equation

cova + c1v +cou =0 (2)

has a nonzero solution.

Suppose that the coefficient ¢ in equation (2) equals 0, ¢y = 0. Then if two
other coefficients ¢; and cg of (2) are also 0, then as we know (see Theorem 9),
a 4-web is of maximum rank. If ¢g = 0 but one of the coefficients ¢; or ¢z of (2)
is not 0, then c;v 4+ cou = 0 and, say u, satisfies a 1-st order PDE system of
two equations. Therefore, the 4-web admits not more than one abelian equation
(i.e., it is of rank one or zero).

In what follows , we assume that the coefficient ¢y in (2) is different from
0: ¢o # 0. Then a 4-web cannot be of rank more that two.

In this section we shall consider the case when a 4-web is of rank two.
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Theorem 24 A planar 4-web is of rank two if and only if co # 0, and

Gij = Oaiaj = 1727 (3)
where

Gi1 = aCO(CQ’Q — 02’1) + acz(co,l — 0072) —a (1 — a) c1C2

+ (2a2 — a1 — aasz) cpca — ch,
Gia = aCO(CLQ — 6171) + acy (0071 — 6072) —a (1 — (l) C%

+ (2a2 — a1 — 2aag) cpc1 + (a% + a1 — a22) 2,
Go1 = 00(0271 — a0272) + 62(0,00)2 — 6071) — 2ascpc + a (1 — a) C%,
Gaoa = co(c11 —aci2) +cr(acoe —co1) +a(l —a)cics — azcocr

—as(1l —a)coea + (a2 — K) 0(2).

Proof. Adding the compatibility condition (2) to the abelian equations
and solving the resulting system with respect to uy,us,v1, and vy, we get the
Frobenius type PDE system:

a
up = —av+ —(cau+ cyv),
Co
a
uy = —agv+ —(cou + c1v),
Co
a
v] = agv — —(cou + 1),
Co
a
ve = ——(cou+ cyv).
€o

We get the integrability conditions for this system from the commutation relation dod; —
6102 = K. Computing the commutators and substituting uy, us, v and ve, due
to the system, we arrive at the integrability conditions in the form

Griu+ Giav =0, (4)
Ga1u + Gagv = 0,

where G11,G12,Go1 and Gao are defined by formulas in Theorem 24.
But for a 4-web to be of rank two, one needs two independent solutions
and v. This proves (3). =

5.3.1 Examples

Example 25 We consider the planar 4-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions

f(z,y) =z+yand g(z,y) = 2* + y°.

(see Example 22).
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We have already established that this 4-web admits the abelian relation
uw1 + uws 4+ uws = 0,

and its rank is either 1 or 2.
In this case

3(x —y)*(x +y)

o = ——————=F#0,
Ty
2 2
r- =Yy
g = ——=, ca=0;
1 122y 2
1 1
¢ = ———, Coo= —=;
0,1 5537 C0.2 N
1 3z2 —y?
c = —— . (o= —F—"
1.1 223y 1.2 42yt
c21 = cC22=0,

and
G111 = G2 = G2 = G2 = 0.
It follows that conditions (3) are satisfied for this 4-web. Thus, the 4-web is
of rank two.
Two abelian relations for this web are

ht+fe—fi = 0,
ff+f—f =0,
where
fi=z, fao=y, fs=x+y, fa=2"+y"

Example 26 We consider the planar 4-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions

flz,y) = g and g(z,y) = zy(z +y).

We have again K = 0, and one can check that the 4-web linearizability
conditions [2] are not satisfied. Therefore, our 4-web is not linearizable. By
Theorem 15, this 4-web is not of maximum rank. Thus, the rank of the 4-web
in question is less than three.

We have
303 (22 — 42
o - v (e® —y7) £0;
2x(2x 4+ y)?(z + 2y)?
3y°(y — =)
0; ¢y = 0;
T ey’ 0270
3yt(2xt — 5ady — 122%y? — bay® + 2y*)
€1 = Co2= 5 5 ;
22z + y)%(z + 2y)
3y (423 — 1022y — Tay? + 49°)
€11 = C12=— B 3 1 )
222(2x + y)3(z + 2y)
C21 = C22 = 0,
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and as a result,
Gi11 =Gi2=Go1 =Gy =0.

Thus, the 4-web is of rank two.
The two abelian relations are

Infi —Infs —Inf3 =0,
Infi+2Info+In(1+f3) —Infy =0,

where "
fi=xz, fa=y, f3=§7 1= zy(r+y).

Examples 25 and 26 lead us to the important observation:

Proposition 27 In general 4-webs of rank two are not linearizable.

5.4 4-webs of rank one

As we have seen earlier, a 4-web can be of rank one if ¢g = 0 but one of the
coefficients ¢; and ¢z of (2) is not 0 or if ¢y # 0. The following theorem outlines
the four cases when a 4-web can be of rank one.

Theorem 28 A planar 4-web is of rank one if and only if one of the following
conditions holds:

1. cg=0, Jy = Jo =0, where

Ji = agcica(cr —ca) +acs(cio—ciy)
+ciea(crn +alean — 12 —c22)) + c%(acm —¢21),
Jy = A(e—e) K+ (c1,11 — c1,12) crca (ca —¢1)
+C% (01 - Cz) (02,11 - 02,12) — C2 (201 - Cz) 01,1(61,2 - 61,1)

2 2
+cicai(ci2 —cap+ 1) +cieri(ca2 — 2¢2,1)

and ¢1 # ca, ¢ # 0.
2. co=0,c1 =co #0, and J3 =0, where

Jz = (ags — a12) (1 —a) + az(as — a1) — (1 — a)* K.
8. cg=0,c1 =0,c0 #0, and Jy =0, where
Ji = ajpa — ajas — Ka®.
4. ¢ #0, and Jig = J11 = J12 =0, where

Jio = G11G22 — G21Gh2,
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Jii = co(Ga11Ga2 — Gaz 1Go1) + (azco — aci)Gay

2
+((ZCQ — agCo + aCl)G21G22 — aCQG22,

Jiz = ¢o(G21,2G22 — Ga22Ga1) + (azco — acy)G3y
+0‘,(62 - Cl)GglGQQ - CQGEQ.

Proof. First, we consider the case when ¢y = 0, one of the coefficients
¢1 and ¢y of (2) is not 0, and 4-web Wy is of rank one.
Then it follows from equation (2) that

u=ct, v=—cat (5)

for some function ¢.
Differentiating these equations, we find that

uy = ci1t+eity,  ug = c1ot + crta,
v = —Cg’lt - Cztl, v = —027275 — CQtQ.

Substituting these expressions into the abelian equation, we get

(c1,1 —ca1)t + (c1 — c2)t1 =0,
(Cl,l - C172)t + (tl — tg) =0, (6)
(*02,1 +acz2 + agc)t — coty + acots = 0.

If ¢y — c2 # 0 and ¢; # 0, then solving the first two equations with respect to
t1 and t5, we obtain

t(ce1 —c11) n t(ca1 —c11) (7)

C1 —C2 C1 C1 — C2

t1 =

Substituting these values into the last equation of the previous system, we
arrive at the equation J; = 0, where J; is expressed as in Theorem 28.

Next, differentiating the third equation of (6) in the direction {wy = 0} and
using symmetric derivatives, we find that

t t 3Kc
*1(61,1 - 01,2) - 7[(61,11 —cC1,12 + ! )C1 - (01,1 - 01,2)01,1]
c1 ct 2
t1 t
_61 . (c11—c21) — (c1 —ca)? [(c1,11 —c2,11)(c1 —¢c2) — (11 — ¢2.1)
ta(cin—ca1) | Cri2 —C212 3K (11 —ca1)(c12 — c22)
+ S+t —t >
C1 —C2 (Cl — 62) 2(01 — CQ) (Cl — CQ)
= 0.

Substituting the values of ¢; and ¢ from (7) into the above equation, we arrive
at the equation Jo = 0 of Theorem 28.
Consider now the case: ¢o =0, ¢; = cg # 0.
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Then © = —v, and
U — Uy = 0,
U — aug — asu = 0.

Solving this system with respect to u; and ug, we find that

as2U asU
, U2 =

The compatibility of the above equations gives J3 = 0, where

5 (1aiua>2 - (1aiua>1 e (- agg)(c(za—_li); axa —as)

Consider now the second excluded case: cg =0, ¢; =0, co # 0.
Then u = 0. This implies

V1 = 07
avy + agv = 0,
and the compatibility condition J; = 0, where J; = aj2a — ajay — Ka?.

Suppose now that ¢y # 0, and a 4-web is of rank one. Then the abelian
equation together with the compatibility condition » = 0 gives the system

Ui = —1,
Uz = —Vi,
1
up = —agv+ —(c1v + cou),
Co
vy = ——(c1v+ cou).
Co

Because the 4-web is of rank one, system (4) has a nonzero solution. Thus,
its determinant vanishes:

Jio = G11G22 — G12G21 = 0.

Take, for example, the second equation of system (4) and differentiate it. Adding
the resulting equations to the above system, we get the conditions Jy; = Jj2 = 0.
]

5.4.1 Example

Example 29 We consider the planar 4-web formed by the coordinate lines y =
const., x = const. and by the level sets of the functions

2

—Lan T = -
f(x,y) - (‘I*y)2 dg( ’y) (IL'fy)2

x2y
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In this case, ¢cg = 0 and J; = Jo = 0. Thus, we have the web of type
1 described in Theorem 28, and this 4-web is of rank one.
The only abelian relation is

Infi—Info+Infs—Infs=0,

where
2 2

fi==z, fa=uy, f3:m7 f4:m~

y
(x —y)*’

This example illustrates the following feature:

Proposition 30 In general, 4-webs of rank one are not linearizable.

5.5 4-webs with a constant basic invariant

Consider first 4-webs of maximum rank for which the basic invariant is constant
on one of web foliations.
Without loss of generality, we assume that a is constant on the second foli-
ation, i.e.,
a1 = 0.

Then, solving the system ¢y = ¢; = co = 0, we get

2

a a22
K = 2 — ,
4(a—1)> 4(a-1)
3
K, = aza22 - ay -,
2(a—1) 2(a—1)
K, = 2022 a%

4(a—1)° 4(a—1)*

Differentiating the first equation and taking into account the remaining two
equations, we arrive at the conditions

a3 a3

2 —
Qg2 =~ G222 (a-17°

The second equation above is the covariant derivative of the first one. The first
equation implies K = 0, and the curvatures of all other 3-subwebs vanish too.
In other words, the 4-web is a Mayrhofer web.

On the other hand, if we assume a; = 0 and K = 0, then the only condition

for maximum rank is )
as
agg — =
a—1

a9 o
() -0
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Theorem 31 1. A planar 4-web in general position with the basic invariant
constant on one of the web foliations is of maximum rank if one of its 3-
subwebs is parallelizable. Then all other 3-subwebs are parallelizable, and
the 4-web is a Mayrhofer web.

2. If, say, a1 = 0 and KJ[1,2,3] = 0, then the 4-web is of mazimum rank if
as/ (a — 1) is constant on the first foliation, i.e., if

as o
() -0

We conclude our discussion of 4-webs of different ranks by the following
theorem whose proof utilizes all previous results.

Theorem 32 A planar 4-web with a nonparallelizable 3-subweb and a constant
basic invariant is of rank 0.

Proof. Consider a 4-web with a nonparallelizable 3-subweb [1,2,3] and a
constant basic invariant a. Then

K, — Ky Ky —aKs
co = .
4(a—1)" 2 da(a — 1)

Co = K % 0, C1 =
Therefore, the web is not of rank three.

Substituting these expressions into equations of Theorem 24, we find

a 5(K12 — (a + 1)K1K2 + CLKQQ) - 4K(4K2(CL - 1) + Kll — 203K12 + a2K22)
1 = )

16(a — 1)
G — 5(K1 — K2)? — 4K (K11 — 2K12 + Ka2)
2 16(a — 1) ’
—5(K1 — aK2)2 + 4K(K11 — a(a — 1)K12 + (13K22)
G21 = )
16a(a — 1)
a - 5(K127(a+1)K1K2+aK22)+4K(4K2(a71)7K11+(1+a)K127aK22)
22 — = .
16(a — 1)

Thus, for a 4-web in general position, G;; # 0. Therefore, 4-webs with a
constant basic invariant are not of rank two.

To check whether our 4-web is of rank one, we note that ¢ = K # 0 because
the 3-subweb [1,2,3] is nonparallelizable. Therefore, if the web admits one
abelian equation, then it would belong to class 4 of Theorem 28. This will be
the case if Jig = J1o = J12 = 0.

But

JlO = G11G22 - G12G21
1
= a1([641(5 — 5K2K11 +16aK3 Ky — 5(a+ 1)K Koy +4(a + 1)K K1 Koo
+5K1 Ko (K12 + aKaz) — K12(—5K7 + 4K (4K? + K11 + aKa2))].

Thus for a web in general position, Jig # 0. As a result, the web does not
admit even one abelian equation, and it is of rank 0. m
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6 Planar 5-webs

6.1 5-webs of maximum rank

Let us consider a planar 5-web in the standard normalization
w1 + w2 +ws =0,
awy + wa + wyg =0,

bwi + we + ws =0,

where a and b are the basic invariants of the web.
The abelian relation for such a web has the form

(w+ au + bv)wy + (W + v + v)ws + wws + uwy + vws = 0,

where we have \{ = w4+ au+bv,\s =w+u+ v, 3 = w, \y = u,and A5 = v.
The functions w, u, and v satisfy the abelian equation

61 (w) = 0z (w) =0,
01 (u) — 02 (au) =0,
01 (v) — 82 (bv) =0,
01 (w) 4 01 (w) + 61 (v) =0,

and their compatibility condition takes the form

2 — (A1A2A3(51 _ 51A2A3A1) (w) + (A1A2A351 — A161A3A0) (u)
+ (A1A3A361 — A1 A201A3) (v) = 0.

In the canonical coordinates in the jet bundles, the abelian equation has the
form
w1 — W2 = 0,
U1 — aug — asu = 0,
V1 — bU2 — bQU = 07
uy +v1 +wy; =0,

and the obstruction s equals
CoWag + Fcrws + covy + c3w + cqu + c5v = 0,
where
co = K+ Rla,bl+ R[b,al
_a—aQ—i—b—b2 — 4ab + 2a%b + 2ab?
10(=14a)a(a—b)* (=1+0b)b
2a — a® + 2b — b% — 4ab + a?b + ab?
10(=14a) (a —b)* (~1+b)

a101

202,
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and

(1-3a+b)a; + (4a —3a%—-3b+ 4ab) ais + (a2 — 3ab + a2b) aso

10(—=1+a)a(a—Db)
+2a —6a? + 6a® — b+ 4ab — 6a%b — b* + 2ab2a2

10(=14a)®a? (a —b)? !
+4a2 —8a® + 3a* — 6ab + 14ab — 8a®b + 3b* — 6ab? + 4a>b?
10 (=1 +a)?a? (a —b)

—a* — 2ab + 6a3b — a*b — 2a%H* —1+ab

0(1+aa(@—b2 2 10(1+a) (a—bZ(=1+b)"

Rla,b] = =

aipaz

1bo

and the expressions for ¢y, ¢3, 3, ¢4, and c5 are given in Section 7.2.

Theorem 33 A planar 5-web is of mazximum rank siz if and only if the invari-
ants cg, c1,Ca, C3,C4 and cs vanish.

Note that cg contains the curvature function K, while ¢1, cs contain K and
the linear combinations of covariant derivatives K7, K5, and c3, ¢4, ¢5 contain K
and the linear combinations of the covariant derivatives K1, K> and the second
symmetrized covariant derivatives K11, K12, Kao.

Corollary 34 For 5-webs of maximum rank, the curvature function K of the
3-subweb [1,2, 3] has the following expression in terms of the basic invariants a
and b and their covariant derivatives:

B a—a%+b—b? —4ab+2a2b+2ab2a
10(—1+a)ala—b>(—1+bb
_2a—a2 +2b — b — 4ab + a?b + ab?
10(=1+4a)(a—b)*(=1+b)
Corollary 35 A planar 5-web is algebraizable if and only if it is of maximum
rank (i.e., if the invariants co, 1, c2,c3,cq4 and cs vanish) and linearizable (i.e.,
if the 5-web linearization invariants I, I and
I — 81a — Cl,aga _ 61b — bagb
P b — b2

asby — Rla,b] — R[b, a).

vanish).

Proof. In fact, by Lie-Darboux—Griffiths Theorem (see [15]), a linearizable
5-web of maximum rank is algebraizable, and conversely: an algebraizable 5-web
is linearizable and by Abel’s theorem (see [16]), it is of maximum rank.

The conditions for a planar 5-web to be of maximum rank are ¢y = ¢; =
co = c3 = ¢4 = ¢5 = 0, and the 5-web linearizability conditions are I (i) =
I (1) = 0 and Is = 0 (see [15]), where

I (p) = 611 (p) = 2612 (1) — pby () + 2602 (p) + 61 (K)
I () d22 (1) — 2612 (1) — 201 (1) + pda (1) + 02 (K)

(8)
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I — 5111 - (1820, o 81b7 bagb
ST a—a? b—10v2 "’

W= %, d; are covariant derivatives, and §;; are symmetrized second co-

variant derivatives. m
Thus, among 5-webs of maximum rank, there are algebraizable webs. They
are characterized by
I,=0,1,=0, I; =0.

If at least one of the invariants Iy, Is and I5 does not vanish, we have nonal-
gebraizable 5-webs of maximum rank which are also called “exceptional webs”
(see, for example, [7]).

6.2 Curvature of planar 5-webs

Similar to the case of 4-webs, the coeflicient cg in the expression of s for 5-webs
has also an intrinsic geometric meaning, Namely, let us define a curvature of a
5-web as the arithmetic mean of the curvatures of its 3-subwebs. A planar 5-
web has ten 3-subwebs: [1,2,3], [1,2,4], [1,3,4], [2,3,4], [1,2,5], [1,3,5], [2,3, 5],
[1,4,5], [2,4,5], [3,4,5).

Normalizations with the curvature functions for 3-subwebs [1,2, 3], [1, 2, 4],
[1,3,4] and [2,3,4] are given in Section 5.1. The similar expressions for
3-subwebs [1,2,5], [1,3,5] and [2,3,5] can be obtained by the substitutions
a—band 4 — 5:

[1,2,5]: p1 = bwi, p2 = wa, p3 = Ws, pa = ws;

[1,3,5]2 51 = (b — 1)0.)1,52 = —w3,53 = w5,54 = —Ww2;

[2,3,5]2 5:1 = (b— 1)w277~'2 = bw3,?3 = —w5,7~'4 = bwl;

For the last three cases, we have

[1,4,5]: (1= (a—b)wi, (o= —aws —ws, (3= Dbwi + wy;

(2,4,5): 1 = 25 %ws, M2 = —awy —ws, 13 = $(bwi + wa);

[3,4,5]: 61 = (a —b)ws, B2 = (1 —b)(aw; + w2), 03 = (a — 1)(bwy + w2);

For the curvature functions K[, m,n|, we get the following expressions:

K[1,2,5 = 2(1{-1’;%222),
B 1 ba(br — b2)  biz — bao
K[1,3,5] = b_l[K+ b T }
1 (20— 1)b1(by —b2) =~ bir —bi2
K[2 = K
[2,3,5] b(b—1) [ + b2(1 —b)2 * b(1—10)
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and
K —ag b — a1z + a(az — baa)
b—a (a—b)°
n (ba — ag)(a2b — aby — ay + by)
(a—0b)? ’

K[1,4,5] =

bK aaizx — ajas  airb— abiy
alb—a)  a3(b—a) a?b(b — a)?
a12b + albg - a2b1 - ab12 (alb - abl)(2bb2 — (lbg — agb)
ab(b — a)? + ab?(b — a)3
(a1b — aby)(a1b? + 2ab(by — ay) — aby)
a’b?(b —a)3 ’

K[2,4,5] =

K B aas(by — a1 — by + a2)
(a—1DB-1)b—-a) (a—130b-1)b—a)?
as(abs — by + (b— 1)ag) ay (b —ay —be + as)
(a—1)3(b—1)2(b—a) (a—1)3(b—1)(b— a)?
ai (aby —b1 + (b—1)az)  a(biz — a1z — by + az)

(a—1)3(b—-1)2(b—a) (a—1)2(b—-1)(b—a)?
ag(bl — a1 — by + as a(b1 —ay; — by + ag)(bg — ag)
(a—1)2(b—1)(b— a)? (a—1)2b-1)(b—a)
(bl - abg)bz _ asby — bio + abas + (b - 1)@22
(a—1)2(b—1)3(b—a) (a—1)2(b—1)2(b—a)
(b1 — a1 — by + az)(by — a1) B b11 — a1 — b1z + a2
(a—1)2(0b-1)(b—a)3 (a—1)2(b—1)(b— a)?
B —by11 + a1by + abis + (b — 1)&12 B (bl — abg)bl
(a—1)2(b—1)%2(b—a) (a—1)2(b—1)3(b—a)’

Define a curvature 2-form Lwi A wo of the 5-web as follows

10Lwy Awy = KI[1,2,3lw; Aws
+K[1,2,4]p1 A p2 + K[1,3,4]01 Aoa+ K[2,3,4]11 A2
+K[1,2,5]p1 A p2 + K[1,3,5]01 Ao+ K[2,3,5]71 A T2
+K[1,4,5]C1 A G + K[2,4,5]m1 Ang + K[3,4,5]01 A Oy

K[3,4,5] =

The straightforward calculation shows that
10L = K+aK][1,2,4]+ (a —1)K]1,3,4]
+a(a—1)K[2,3,4] + bK[1,2,5] + (b — 1)K[1,3,5] + b(b — 1)K [2,3, 5]

+(b— a)K[1,4,5] + K[2,4,5] + (a — 1)(b— 1)(b — a)K][3, 4, 5]

b
a(b—a)
and
L= Co.
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Theorem 36 The curvature of a planar 5-web of mazimum rank equals zero.

6.3 5-webs with constant basic invariants

We conclude this section by considering 5-webs with constant basic invariants.
One can check that in this case ¢y coincides with the curvature function K
of the 3-subweb [1,2,3], and the expressions for ¢, ca,c3,c4 and c5 are linear
combinations of K;, K;; and K?. In other words, co =c¢1 =ca =c3 =c4 = 5 =
0 if and only if K = 0.

Theorem 37 A planar 5-web with constant basic invariants is of maximum
rank if and only if it is parallelizable.

6.4 Examples

In this section we consider two examples of 5-webs.

Example 38 We consider the Bol 5-web formed by the coordinate lines y =
const., x = const., and by the level sets of the functions
1—-y T — Ty

d =
T nd 95(2,y) —

f(x’y) = ga 94(xay) =

(see Example 8 in Section 5.2 of [2]).

First note that because the 3-subweb [1,2, 3] of this 5-web is parallelizable,
we have K = 0.

For this 5-web, we have

_y-1
ylx -1 z—-1

and
C; = 0

for i =0,1,...,5.

Thus, the Bol 5-web is of maximum rank.

Using the linearizability conditions for planar 5-webs given in [2], we observe
that the Bol 5-web is not linearizable. Indeed, one of the invariants, namely,
the second-order invariant

810, - aaga 81b - bagb
H[1,2,3,4] — M[1,2,3,5] = a—az b2

does not vanish.
For this 5-web, we have

1 1
wy = ——dzx, wy = %dy, w3 = —dr — %dy,
Y Y Y
z(y—1) x z(y—1) x?
wy = ———5Ldr— —dy, ws = ——dr — —dy,
(z —1)y? y? (z -1y y?
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and solving the abelian equation, we get the following abelian relations:

Infi —Info—Inf3=0,

Infs+Infy—Inf5 =0,
In(1—f1) =In(1 - f2) +1In fy =0,
In(1—f1)—In(l—f3)+1In(l - f5) =0,
1n1;—1f1—1n1;—sf3+ln(1—f4)=0,

D> (f1) — Da2(f2) — Da(f3) — Da(f1) + Da(f5) = 0,

where L
T -y T —xy
fi=x, fa=y, fa=—, fa= , 5=
Yy -2 y—zy
and
Dy(t) = List + ~Int In(1 —£) T 0<t<1: List iw
=Li —Int In(1 —¢t) — — : List = —
2 2 2 67 ) 2 ] 77,2’
or

1 ("/In|l—s| In|s] w2
Ds(t) = —< ds——, 0<t<1
2(t) 2/0 ( s i) " 6 St b

is the version of the original Rogers dilogarithm (see [28] and [18]) normalized
so that RHS of the last abelian relation is 0.
This example leads us to the following important observation

Proposition 39 In general, planar 5-webs of maximum rank are not lineariz-
able (algebraizable).

Example 40 We consider the 5-web formed by the coordinate lines y = const., © =
const., and by the level sets of the functions

_r x :#an x =$~
ﬂww)—y7%(vw @Dy -1 d g5(z,y) (x—1)(y—1)

This is the 5-subweb [1,2,3,7,8] of the 29-web K (5) (see [24], Section 7.2.3).

As in Example 38, we have

1-—- 1-
K=0,a=——Y  y—21=y)
y(z —1) x—1

and
C; = 0

fori=0,1,...,5.
Thus, the planar 5-web in question is of maximum rank.

31



One can also check that the linearizability conditions (see of [2], p. 445)
hold, and as a result, this 5-web is linearizable (algebraizable). Therefore, the
5-web in question is algebraizable 5-web of maximum rank.

For this 5-web, we have

1
wp = ——dz, wy = %d% w3 = —dz — %dy,
Y Y Y Y
1—y x z(1—1y) x
wy = ———dv— —dy, ws=-——75dr— —dy
(@—Dy> " > (@—Dy> >

and solving the abelian equation, we get the following abelian relations

1Hf1 —lnfg —lnf3 ZO7
hlfg 7111f4+111f5 :0,
InL- —In(1 - fo) —In fy = 0,
In(1 - f1) =In & +In f5 =0,
Ll g fo—fs— 4 =0,

f1—1}52+f3+ﬁ:0,

where

z Y

T
=z, f2=y, f3:§7 f4:m, f5:m'

7 Appendix
7.1 Multi-brackets

Compatibility conditions for linear (as well as nonlinear) PDE systems can be
expressed in terms of multi-brackets introduced in [17]. Here we give the nec-
essary formulae for multi-brackets which we use in this paper.

Consider a linear PDE system of n + 1 differential equations for n unknown
functions:

u
aq e A1n 1

Ap+11 et An+1n U,

where a;; are linear differential operators.
Then the multi-bracket {ai,...,an4+1} of scalar differential operators a;, =
(a1, vy ain) is given by the formula

{a1, .oy any1} =771 (=1)""" Ndet (A)) ai,

where A; is the n x n matrix obtained from the matrix ||a;;|| by deleting i-th row,
and Ndet is a non-commutative version of the determinant function produced
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by the standard formula of decomposition of the determinant with respect to
the first column.

The abelian equation is the equation of this form, and it satisfies the condi-
tions of [17]. Thus, the multi-brackets give the compatibility conditions for the
abelian equations.

7.2 Coeflicients for obstruction

Below we list coeflicients c1, ¢o, ¢3, ¢4 and c¢5. They are

S S B . RO SO -
YT 3ad P 3ad’? T AT 60’ 6a’
where
d=—10a%b? (a — 1)* (b= 1)* (a — b)*
and
j1= —3(=1+0b)b*(6a® —6a%(1+b) — b(1+ b) + 2a(1 + b)?)a3

—3ba3(—(—1+ b)b(—6a* — b*(5 + 2b) + a3(16 + 13b)

+ab(13 + 12b + 4b2) — a(10 + 23b + 12b?))az + a((b + a®(7 — 12b)
b—2b3 + a3(—2 +4b) + a(1 — 8b + Tb* + 4b3))by + b(—(—2 + b)

b2 + a®(—6 + 4b) + a?(3 + Tb — 5b%) + a(1 — 6b — b2 + 2b3))b))
—a1(3(—1 + b)b*(—6b3 — 3a*(2 + b) + ab*(17 + 8b)

—a?b(16 + 23b) + a®(4 + 24b + b?))a3 + 3(—1 + a)

abas((2(2 — 3b)b + a®(—2 + 4b) + a®(1 + 5b — 12b?)

+ab(—8 4+ 9b + 5b))by + b(—2(—2 + b)b? + a®(—6 + 4b)

+a?(7+ 3b — 4b?) + ab(—8 — b+ 3b%))ba)

+a(—31a30?* K + 28a*V*K + 3a°b?K + 500203 K + 22a30* K — 69a*b® K
—3a°* K — 19ab* K — 92a*b* K + 70a3b* K + 410V K + 42ab° K
+19a%b° K — 61a°0° K — 23ab° K + 23a205 K — 3(—1 + b)b?(6a>

—b(1 + 2b) — 3a*(2 + 3b) + a(1 + 8b + 3b?))a11 + 3(—1 + b)b*(—6a*
—b%(5+ 2b) + 3a®(4 + 5b) + ab(13 + 12b + 4b%) — a*(8 + 22b + 13b%)) a2
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+6a®b?azs — 6a*b?ags — 24a?b3asg + 21a®b®ags + 27ab asy — 6a?brasy
—18a3b4a22 + 6a4b4a22 — 9b5a22 — 18&()5&22 + 27a2b5a22 — 9a3b5a22
+965a90 — 9ablagy + 3a%b%agy + 3a2b? — 3a*b? — 6abb? — 6a>bb? + 6a>bb?
+6a*bb? + 18ab?b? — 18a3b?b3 — 18ab3b? + 18a2b3b? — 9a3b1by + 9a'biby
+18a2bb1b2 — 18a4bb1b2 — 12ab2b1b2 — 30a2b2b1b2 + 30a3b2b1b2
+12a4b2b1b2 + 24ab3b1b2 — 24a3b3b1b2 — 9ab4b1b2 + 9a2b4b1b2

16a2b202 — 6046203 — 18026302 + 184503 + 3ab b3 — 3a5*b2 — 3abby,
+3a4bb11 + 3ab2b11 + 12a262b11 — 12a3b2b11 — 3a4b2b11 — 12ab3b11
+12(13b3b11 + 9ab4b11 - 9a2b4b11 + 9a3bb12 - 9a4bb12 - 21a2b2b12
+216L4b2b12 + 12ab3b12 + 30a2b3b12 - 30a3b3b12 - 12a4b3b12 - 21ab4b12
+21a3b4b12 + 9ab5b12 - 9a2b5b12 + 9a3b2b22 — 9a4b2b22 — 12a2b3b22
+12a4b3b22 + 3ab4622 + 12a2b4b22 — 12a3b4b22 — 3a4b4b22 — 3ab5b22
+3a3b%b92)) — a(—3a2(2 + a(=3 + b)) (=1 + b)b3a3 + 3a2ba3((a(1 — 2b)
+b + 0% — 363 + ab(—3 + 4b + b2))by + (=2 + b)b(a?(—2 + b) + b — 2b?
+a(1+b2))ba) + .az(—3(—1+ b)b*(3a* — 7a®(1 + b) + 2b*(1 + b)

—ab(5 + 9b + 2b2) + a*(3 + 14b + 6b2))a11 + 3(—1 + b)b*(6b°

+3a*(2 4+ b) — ab?(17 + 8b) + a®b(15 + 26b) — a®(4 + 24b + 3b%)) a2
+a(3a(—=1+b)b3(a*(—4 +b) — 3b+ a(3 + 4b — b?))ag+

(—1 + a)(3a(a®(~1 + 2b) + a(—1 + 4b — 6b%) + 2b(1 — 3b + 362))b?
+3a(b?(4 — 8 + 3b%) — 2ab(3 — Tb + 46%) + a2(3 — 6b + 4b%))b1by
+b(—3ab(2a® + b® + a(2 — 6b + b*))b3 + (a — b)(—1 + b)

(—3a(1 +a— 3b)b11 — 3@((4 — 3b>b + a(—S + 4b))b12

“b((a2(23 — 19b) + 302 + ab(—38 + 316)) K + 3a(a(—3 + b) + b)bs2))))))
+3(=1 + a)a(a — b)b((a — b)(—1 + bYbars + (—1 + b)b(3a2 + 2b(1 + b)
70,(2 + 5b))a112 + 2a2ba122 - 5CLb2(1122 + 3b3a122 + 3ab3a122 - 2a2b3a122
—3b4a122 + 2ab4a122 - a262a222 + ab3a222 + a2b3a222 — ab4a222 + 4G2Kb1
—4a3 Kby — 8abKby + 8a3bKby + 12ab? Kby — 124202 Kby + aaq1b1
—2baq1b1 — 2abai1b1 + 362a11b1 — 2aa12b1 + 2a2a12b1 + 4ba12b1
—4a2ba12b1 — 6b2a12b1 + 6ab2a12b1 — a2a22b1 + 2abagsb; + 2a2ba22b1
73&1)2&221)1 + 12(12be2 - 12@‘3be2 - 8ab2Kb2 + 8a3b2Kb2

+4ab3Kb2 - 4a2b3Kb2 + 3aba11b2 - 2b2a11b2 - 2ab2a11b2 + b3a11b2
—6abaiabs + 6a2ba12b2 + 4b2a12b2 — 4a2b2a12b2 — 2b3a12b2 + 2ab3a12b2
—3a2ba22b2 + 2ab2a22b2 + 2a2b2a22b2 - ab3a22b2 — 5a2bK1 + 5a3bK1
+5ab’ K1 — 5a’b? K, — 5abP Ky + 5a?b* K1 + 5a?b? Ky — 5a3b? Ko
—5ab®> Ko + 5ab> Ko + 5ab* Ky — 5a%b* K3));

—3(=1+b)b*(6a® — 6a*(1 + b) — b(1 + b) + 2a(1 + b)?)a?

+3b%a2((—1 4 b)b(—6a* — b%(5 + 2b) + a®(16 + 13b)

+ab(13 4 12b + 4b%) — a®(10 + 23b + 12b?))as + a((2a®(—2 + b) + b3

+a?(6 — 7b + 6b%) — a(3 — 6b + 5b% + 2b))by + (—1 + a)b(2a?b

+b(—1+ 2b) — a(—=3 + 5b + b?))b2)) + bai (—3(—1 + b)b*(—6b>

—3a*(2 4+ b) + ab®(17 + 8b) — a®b(16 + 23b) + a>(4 + 24b + b?))a3
—3abaz((a*(1 4 b) + b*(—1 + 3b) + ab(2 — 5b — 5b?) + a3(—5 + b — 4b?)
+a?(3 — 3b+ 1162 + b%))by — b(—a* (=3 4+ b) + b*(1 + b) + a®(—5 + b — 4b?)
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—ab(2 + 5b + b%) + a?(3 + b+ Tb* + b3))b2) + a(7a®b?* K + 8a*b*K — 3a°b?K
—14a’b* K — 34030’ K — 3a*b>K + 3a®b>K + Tab* K + 44a°b* K + 26a3b* K
—5a*V* K — 18ab’ K — 31a?b° K + a®b° K + 11ab’K + a?bS K — 3a®(2 + 3b)
+3(—1+ b)b?(6a® — b(1 + 2b) + a(1 + 8b + 3b?))a1,

13(—1 + b)b2(6a® + b3(5 + 2b) — 3aP(4 + 5b) — ab(13 + 12b + 4b?)

+a2(8 + 22b + 13b2))a12 — 6a3b2a22 + 6a4b2a22 + 24a2b3a22 — 21a3b3a22
—27ab4a22 + 6a2b4a22 + 18a3b4a22 — 6a4b4a229b5a22 + 18@()50,22 — 27a2b5a22
+9a3b%as0 — 9%ass + 9ablass — 3a2b%aqy — 3a4b% + 9abb% — 18a2bb%
+15a3bb? + 6a*bb? — 18ab?b? + 21a2b%b? — 18a3b%b? + 12ab®b? — 6ab3b?
—3a3b1b2 + 9a4b1b2 + 6a2bb1b2 — 15a3bb1b2 — 15a4bb1b2 + 9ab2b1b2 — 9a2b2b1b2
+33a3b2b1b2 + 3a4b2b1b2 - 15ab3b1b2 + 3a2b3b1b2 - 12a3b3b1b2 + 3ab4b1b2
+3a2b%b1bs — 302622 + 3036263 — 3045262 + 9026303 — 6aPb302 + 3a*b3h2
—6a2b4b§ + 3a3b4b§ + 3a2bb11 — 6a3bb11 + 6a4bb11 — 3ab2b11 — 3&2b2b11
+3a3b2611 - 6a462b11 + 9ab3b11 - 3a2b3b11 + 3a3b3b11 - 6ab4b11 + 3a2b4b11
+3a3bb12 — 9a4bb12 + 3&2b2b12 + 6a3b2b12 + 15a4b2b12 — 6ab3b12 — 6a2b3b12
—18(13()3[)12 — 6a4b3b12 + 9ab4b12 + 6a2b4b12 + 9a3b4b12 — 3ab5b12 - 3a2b5b12
—3a3b2b22 + 3a2b3b22 + 9a3b3b22 — 3a4b3b22 — 9a2b4b22 — 3a3b4b22 + 3a4b4b22
+6a%b5bag — 3a3b°bas)) + a(3a%(2 + a(—3 + b))(—1 + b)b*a3

—3a?b*a3((—1 4+ a*(—2+b) + b —b* + a(3 — 2b + b*))by + b(—4 + 5b)

+a%(3 — 4b + 2b%) + a(—2 + 7b — 8b% + b3))bo)

—bag(—3(—1 + b)b2(3a* — 7a3(1 + b) + 26%(1 + b) — ab(5 + 9b + 2b?)

+a?(3 + 14b + 6b%))ar1 + 3(—=1 + b)b?(6b> + 3a*(2 + b) — ab®(17 + 8b)
+a?b(15 + 26b) — a*(4 + 24b + 3b%))ar2 + a(3a(—1 + b)b3(a*(—4 + b) — 3b
+a(3 + 4b — b?))age — 3a(—1 +b)(a?(—2 + b) — 3b + a(1 + 5b — 2b%))b?
+3a(a®(1 — b+ b?) + b%(3 — 5b + 3b%) + a?(1 — 5b + Tb* — 4b%)

+ab(—2 + b+ b% — b3))b1by + b(—3ab(a®b + b(—2 + 3b) + a(—4 + Tb — 4b?)
+a%(5 — 8b+ 2b%))b3 + (a — b)(—1 + b)(3a(1 + a(—2 + b))b1y

+3a(a + a®(1 — 2b) — ab® + b(—2 + 3b))b1a — b((a®(11 — 7b) — 3b*

+2ab(1 + 4b) + a*(1 — 19b + 7b%))K + 3a(a + a*(—2 + b) + 2b — 2ab)bs2)))))
+(=1+a)a(=3(a — b)?(=1 + b)b3a111 — 3(—=2 + 3a — 2b)(a — b)*(—1 + b)b3ai12
—6a3b3a122 + 21a2b4a122 - 24ab5a122 - 9a2b5a122 + 6(13[75(1122 + 9b6a122
+18ab6a122 — 12a2b6a122 — 9b7a122 + 6ab7a122 + 3a3b4a222 — 6a2b5a222
—3a3b5a222 + 3ab6a222 + 6a2b6a222 — 3ab7a222 + 7a3b2Kb1 - 11a4b2Kb1
—14a2b3Kb1 + 3Oa3b3Kb1 — a4b3Kb1 + 7G,b4Kb1 — 27a2b4Kb1 — CL3b4Kb1
—|—8ab5Kbl + 5&2b5Kb1 — 3ab6Kb1 — 3(1[)2(11161 + 6a2b2a11b1 + 3b3a11b1
730,21)30,11[)1 - 6b4a11b1 - 3ab4a11b1 + 6b5a11b1 - 6a262a12b1 + 3a3b2a12b1
—|—3ab3a12b1 - 3a2b3a12b1 + 3@3173@12[)1 + 3b4a12b1 + 9ab4a12b1 - 9a2b4a12b1
—9b5a12b1 + 6ab5a12b1 + 3a2b3a22b1 — 6a3b3a22b1 — 3ab4a22b1 + 6a2b4a22b1
+3a3brageby — 3a?b%ageb; — 3a?b3 — 3a3b3 + 6abbi + 12a%bb3 + 6a3bb}
—18ab2b‘r{’ — 18a2b2b§ + 18ab3b§ — 3a*b? Kby + 5020 Kby + 8a*b> Kby

—a?b Kby — 27a30* Kby + 7a*b* Kby — ab® Kby + 30a2b0° Kby — 14a3b° Kby
—11ab6Kb2 + 7a2b6Kb2 - 3ab3a11b2 + 3b4a11b2 + 6ab4a11b2 - 3a2b4a11b2
—6b5a11b2 + 3ab5a11b2 + 6a2b3a12b2 — 9a3b3a12b2 — 9ab4a12b2 + 9a2b4a12b2
+3a3b4a12b2 + 3b5a12b2 - 3ab5a12b2 + 3a2b5a12b2 + 3b6a12b2 — 6ab6a12b2
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—|—6a3b3a22b2 - 3a264a22b2 - 6agb4a22b2 — 3ab5a22b2 + 3a3b5a22b2 + 6abﬁa2262
—3a?b8agoby + 15a3b2by + 6a*b?by — 39a2bb3by — 36abb2by — 12a*bb?by
+30ab2b2by + 69a2b2b2by + 36a3b2b2by — 48ab3b2by — 39a2b3b2by + 18ab?b2h,
—18a%by b2 + 51a®bby b2 + 24a*bby b2 — 48a2b%b1b2 — 69a3b2by1b% + 12abby b
+72a%b3b1 b3 + 3ab3b1 b2 — 18ab*b;b3 — 9a?b*b1b3 — 6ab3b3 + 9ab*b3
—3a3b4b§ + 3a2bb1b11 + 6a3bb1b11 — 3ab2b1b11 — 24a2b2b1b11 — 9a3b2b1b11
+18ab3b1b11 + 27(12b3b1b11 - 18ab4b1b11 - 6(13bb2b11 - 6a4bb2b11 + 15a2b262b11
+27a3b2b2611 + 6a4b2b2b11 - 9ab3b2b11 - 42a2b3b2b11 - 18a3b3b2b11
+21ab*babyy + 21a%b%babyy — 9ab®bobyy — 15a3bb1b1a — 6a*bbybia + 39a2b?b1byo
+36a362b1b12 + 12a4b2b1b12 — 24ab3b1b12 — 66a2b3b1b12 — 39a3b3b1b12
—|—36ab4b1b12 + 45a2b4b1b12 — 18ab5b1b12 + 18a4bb2b12 — 51a3b2b2b12
—24a4b262b12 + 45a2b3b2b12 + 78&3631)21)12 - 12ab4b2b12 - 72a2b4b2b12
79a3b4b2b12 + 18ab5b2b12 + 9(12[)5[)2[)12 + 9a4bb1b22 — 27a3b261b22
—9a4b2b1b22 + 24a2b3b1b22 + 30a3b3b1b22 + 3a4b3b1b22 - 6ab4b1b22
—27@254b1b22 — 9a3b4b1b22 + 6ab5b1b22 + 6a2b5b1b22 - 9a3b3b2b22
+9a2b4b2b22 + 12a3b4b2b22 — 3(14b4b2b22 — 12a2b5b2b22 + 3a3b5b2b22
—3a3b2b111 + 6&2635111 + 3(13()3()111 — 3ab4b111 — 6a2646111 + 3ab5b111
+6a3b26112 + 6a4b26112 — 12a2b3b112 — 27(131)31)112 - 6a4b3b112 + 6ab46112
+36a2b4b112 + 210/3(746112 - 15(Lb5b112 - 24@2b5b112 + 9ab6b112 - 9a4b2b122
+24a3b3b129 + 15a*b3b122 — 21a%b*b120 — 36a°b?b122 — 6a*b 122 + 6ab®byos
+27a26%b199 + 12a3b%b199 — 6abSb190 — 6a2b5b199 — 3a*b3bgag + 6a°b*bogs
—|—3a4b4b222 — 3a2b5b222 — 6a3b5b222 + 3a2b6b222 — 15a4b3K1 + 45a3b4K1
+15a*b* Ky — 450?05 K — 45a®b° K + 15abS K + 45a2b° K, — 15ab” K
+15a*b3 Ky — 45a2b* Ko — 15a*b* K3 + 45a%b° K3 + 45a3b° K5 — 15ab5 Ko
—45a2b5 Ky + 15ab7K3));

jz= —(=1+b)b*(6a> — 6a*(1+b) — b(1 +b) + 2a(1 + b)*)Ka?
+2a2(—2 — 5b + 5b* + 2b%)) Kas — bay (b(3a*(—1 + b) + 3(—1 + b)b?
—8a3(—1+ b%) — 6ab(—1 + b%) + a((b+ a*(7 — 12b)b — 2b3
+a3 (=2 +4b) + a(1 — 8b + b + 4b3)) Kby + b((—(—2 + b)b?
+a3(—6 + 4b) + a?(3 + 7b — 5b) + a(1 — 6b — b2 + 2b3)) K by
+(=1+b)(3a® — b% + ab(3 + 2b) — a2(2 + 5b))(— K1 + bK>))))
—a(—a(—14 b)b*(—6ab + a*(1 + b) + 2b(1 + b)) Ka3
+abas((b + 3b* — 60 + a3(—1 + 2b) + ab(—6 + Tb + 4b?)
—a?(=2 + b+ 5b2)) Kby + b((a®(—3 + 2b) + b(—2 + b — 3b%)
—a? (=T +b+2b%) + a(—2 — 4b — b% + 203)) Kb,
+(=1+b)(a® — 3b* + ab(5 + 2b) — a®(2 + 3b))(— K1 + bK>)))
+(=1+a)(—=(=1+ b)b*(—a + 3a* + b — 4ab + b*) Kay
—(—=1+b)b*(3a® — 3b% + ab(7 + 4b) — a*(4 + b)) Ka12
+a((—=1+b)b*(3b% + a?(1 + b) — ab(4 + b)) Kago
+(a?(—1+2b) + a(—1+ 4b — 6b%) + 2b(1 — 3b + 3b?)) Kb?
+b1((b%(4 — 8b + 3b?) — 2ab(3 — Tb + 4b%) + a%(3 — 6b + 4b%)) Kby
+b(a(3 —5b)b + a?(—1 + 2b) + b*(—2 + 3b))(— K1 + aK>))
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+b(—b(2a% + b + a(2 — 6b + b?)) K b3

+b(a(d = 3b)b+ (=2 4 b)b* + a*(—3 + 2b))bo(— K1 + aK>)
+(a—=b)(—1+b)(—(1+a—3b)Kbi1 + (a(3 — 4b) + b(—4 + 3b)) K b1
—b((a(—3 +b) + b)Kbas — (a — b)(—10K? + 5aK? + 5bK? + K13
—(a+b)Ki2 + abK»)))))));

—6(—1+ b)b?(6a® — 6a®(1 + b) — b(1 + b) + 2a(1 + b)?)a3by
—6ba?(—(—1+ b)b(—6a* — b*(5 + 2b) + a®(16 + 13b) + ab(13 + 12b + 4b?)
—a?(10 + 23b + 12b%))azbs + a((b + a?(7 — 12b)b — 20> + a3(—2 + 4b)
+a(1l — 8b+ Tb% + 4b3))b1by + b(—(—1 + a)(2a%b + b(—1 + 2b)

—a(—3 +5b+ b2))b3 + (=1 + b)(6a> — 6a%(1 +b) — b(1 +b)

+2a(1 4 b)?)(bK — b12)))) + 2a1(—=3(—1 + b)b*(—6b> — 3a*(2 + b)
+ab®(17 + 8b) — ab(16 + 23b) + a3(4 + 24b + b?))a3b,

—3abaz((—1 + a)(2(2 — 3b)b* + a3(—2 + 4b) + a*(1 + 5b — 12b?)

+ab(—8 + 9b + 5b2))b1bg + b((a* (=3 + b) — b*(1 + b) + ab(2 + 5b + b?)
+a3(5 — b+ 4b%) — a®(3 4+ b+ 762 + b3))b3 + (—1 + b)(3a* + 3b?
—8a3(1+b) — 6ab(1 + b) + 2a%(2 + 7b + 2b%))(bK — b12)))

+a(—3a(2a%(1 — 3b)b + a®(—1 + 2b) — 2b(1 — 3b + 3b?)

+a(1 — 2b+ 6b%))b3by + aby (3(a®(—3 + 4b) + b%(5 — 8b + b?)

+a?(3 — 3b% — 4b3) + ab(—5 + 2b + Tb* + b3))b3

+b(b(3a®(=5 + 3b) + a?(14 + b?) — b(3 — 7b + b?)

+a(—3 + 3b — 14b? + 2b%)) K + 3(b + a?(7 — 12b)b — 2b3

+a®(—2 + 4b) + a(1 — 8b + Tb? + 4b%))b1a — 3(—1 + b)(3a® — b + ab(3 + 2b)
—a?(2 + 5b))ba2)) + b(3a%(1 + a® + a(—1 +b) — 2b)(—1 + b)bb3
+b2(9a3bK + 5a*bK — 3a°bK — 20a?b*K — 34430’ K + 9a*b?>K + 3a°b*K
+8ab3 K + 54?3 K + 9a*b3 K — 8a*b3 K — 22ab* K — 23ab* K + a®b* K
+11ab’K + a2b°K + 3(—1 + b)b(6a® — b(1 4 2b) — 3a2(2 + 3b)

+a(1 + 8b + 3b2))ar; + 3(—1 + b)b(6a* + b2(5 + 2b) — 3a3(4 + 5b)

—ab(13 + 12b + 4b?) + a?(8 + 22b + 13b?))a1a — 6abaga + 6abags
+24a2b2a22 — 21a3b2a22 — 27ab3a22 + 6a2b3a22 + 18a3b3a22 — 6a4b3a22
+9b4a22 + 18ab4a22 — 27a2b4a22 + 9a3b4a22 — 965a22 + 9absa22
73@2650,22 + 3(12611 - 3(14611 - 3abb11 - 12a2bb11 + 12a3bb11 + 3a4b611
+12(lb2b11 - 12a3b2b11 - 9&b3b11 + 9a2b3b11 - 9a3b12 + 9a4b12 + 24(1261)12
—9a3bb12 — 12a4bb12 - 12ab2b12 - 21a2b2b12 + 24a3b2b12 — 3a4b2b12
+18ab3b12 — 12a%b%b12 + 9aPbPb12 — 3ab*bio — 3a?b*bia — 3a®bbas
+3a2b2b22 + 9a3b2b22 — 3a4b2b22 — 9a2b3b22 — 3a3b3b22 + 3a4b3b22
+6a2b%bay — 3a3b*bas) 4 3a(—1 + b)b(3a® — b? + ab(3 + 2b)

—a*(2 + 5b))(—bi12 + bizz + b(K1 — K2)))))

—a(—6a%(2 + a(—=3 + b)) (=1 + b)b3a3by — 6a?ba3((a®(—1 + 2b)

—ab(—3 +4b+ b%) + b(—1 — b+ 3b%))b1bs + b(—(b(—4 + 5b)

+a?(3 — 4b+2b%) + a(—2 + 7b — 8b* + b%))b3 + (—1 + b)(—6ab + a*(1 + b)
+2b(1 4 b)) (bK — b12))) + 2a2(3a%(2a%(1 — 3b)b + a®(—1 + 2b)

—2b(1 — 3b + 3b%) + a(1 — 2b + 6b3))b2by — a2by (—3(a3(3 — 5b + 2b%)
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+b%(=5 + 5b + 3b%) — ab(—6 + 4b + 76> + b?) — a®(3 + 2b — 11b% + 3b%))b3
+b(b(a®(—4 + b) + a?(8 4+ 10b — 6b%) — 3b(1 — 4b + b?) + ab(—17 + 2b?)) K
+3(b+ 3b% — 663 + a®(—1 + 2b) + ab(—6 + 7b + 4b?) — a?(—2 + b + 5b2))byo
—3(—1 4 b)(a® — 362 + ab(5 + 2b) — a2(2 + 3b))b22))

+b(—3a2b(a®b + b(—2 + 3b) + a(—4 + Tb — 4b) + a2(5 — 8b + 2b2))b3
+bo(—3(—1+ b)b(3a* — Ta®(1 4+ b) + 2b*(1 + b) — ab(5 + 9b + 2b%)

+a?(3 + 14b + 6b%))ar1 + 3(—=1 + b)b(6b> + 3a*(2 + b) — ab®(17 + 8b)
+a?b(15 + 26b) — a>(4 + 24b + 3b2))a1z + a(—a®bK + 12a*bK — 17a30*K
—25a*b?K — 14ab®> K + 264’0 K + 41030 K + 10a*b3 K + 3b* K + 12ab*K
—48a2b' K — 11a30' K — 365K + 8ab’K + Ta2b°K + 3a(—1 + b)b?(a?(—4 + b)
—3b+ a(3 4+ 4b — b?))azs — 3(—1 + a)a(—1 + b)(a + a® — 4ab + b(—1 + 3b))b11
+9a3b12 — 9a4b12 — 15a2bb12 — 3a3bb12 + 21a4bb12 + 18ab2612 - 3a262b12
—18a3b2b12 — 9a4b2b12 - 15ab3b12 + 30a2b3b12 — 9ab4b12 + 3a2b4b12 + 3a3bb22
76a4bb22 + 3a2b2b22 - 3a3b2b22 + 9a4b2b22 - 6ab3b22 + 3(12631)22 - 3a3b3b22
—3a4b3b22 + 6(1b4b22 - 6a2b4b22 + 3a3b4b22)) - 3@2(—1 + b)b(a3 - 3b2

+ab(b + 2b) — a2(2 + 3b))(=b112 + b1aa + (K7 — K2))))
+(=1+a)a(30a®b3K? — 30a*b3 K? — 60a2b* K? + 30a3b* K2

+30a*b* K2 + 30ab® K2 + 30a2b° K2 — 60a3b° K2 — 30abS K2 + 30025 K2
—GagbgK(lzg + 24@2b4KCL22 — 18ab5Ka22 — 18a2b5KCL22 + 6a3b5Ka22

+18abS Kayy — 60268 Kagy — 6a2bKb? + 8a®bKb? + 12ab? Kb? — 18a2b2K >
—16a3b2Kb% - 8ab3Kb% + 34a2b3Kb% - 6ab4Kb% - 6a262a111b2 + 12ab3a111b2
+6a2b3a111b2 - 6b4a111b2 — 12ab4a111b2 + 6b5a111b2 + 12a2b2a112b2
—18a3b2a112b2 — 24ab3a112b2 + 36a2b3a112b2 + 18a3b3a112b2 + 12b4a112b2
—18ab4a112b2 — 48a2b4a112b2 + 42ab5a112b2 — 1266(111262 + 12a3b2a122b2
742(121)3(1122()2 + 48ab4a12262 + 18a2b4a122b2 - 12a3b4a122b2 - 18b5a122b2
—36ab5a122b2 + 24&2175(112262 + 18b6a122b2 - 12ab6a122b2 - 6@3b30222b2
+12a2b4a222b2 + 6a3b4a222b2 - 6ab5a222b2 — 12a2b5a222b2 + 6ab6a222b2
+20a3be1b2 — 22a4be1b2 — 42a2b2Kb1b2 + 10a3b2Kb1b2 + 44a4b2Kb1b2
—|—28ab3Kb1b2 + 68a2b3Kb1b2 — 84a3b3Kb1b2 — 56ab4Kb1b2 + 28a2b4Kb1b2
+6ab5Kble - 6a3ba22b1b2 + 18@21)2@2261[)2 + 12a3b2a22b1b2 — 12&[)3&221)1[)2
—30a2b3assby by + 18abtagabiby + 4a3b2K b2 — 8ab? K b2 — 18a2b3 K b2
+36a3b3 K b2 — 14a*b3Kb2 + 2ab Kb2 — 32026 Kb2 + 2236 K b3 + 22ab® K b
—14a20° Kb3 — 12a3b%ageb3 + 6a2b%agob3 + 12a3b3ag2b3 + 6ab*azeb’
—6a3bageb3 — 12ab%ag2b3 + 6a%b°ageb3 + 6a2b3b3 + 6a3b3b3 — 12abbb3
—24a2bb2b3 — 12a3bb2b% + 36ab262b3 + 36a2b2b2b3 — 36ab°b2b3 — 18aby b
+36a2bby b3 + 30a3bbyb3 — 24ab?byb3 — 66a2b2b1b3 — 12a3b2b1 b3 + 36ab3b b
+18a26%b1b3 + 12a2b%b3 — 18a2b3b% + 6a3b3b3 + 6a2b2 K byy — 18a3b2 Kby,
—6ab> Kby + 18a%b3 Kby + 18a®b3 Kby — 24a%b* Kbyy + 6ab® Kby — 6a%bb3by;
—6a3bb2byy + 6abb2byy + 30a2b2b2b11 + 6a362b3b11 — 24ab3b2by; — 24a2b3b3by
—|—18ab4b§b11 — 6(0, — b)ban(—(a — 2ab + b(—2 + 3b))b1b2

=b((14 (—2+a)b)b3 + (—1 +b)(1 — 3a + b)(bK — b12)))

—6(a — b)ba12(2(a — 3ab2 + G2(—1 + 2b) + b(—2 =+ 3b))b1b2

+b((a?(=3 4+ b) — b(1 + b) + 2a(1 + b*))b3

(=1 4 0)(3a + 3b — da(1 + b)) (K — b12)))
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—36a3b2Kb12 + 42a4b2K512 + 78a2b3Kb12 — 42a3b3Kb12 — 42a4b3Kb12
—42ab4Kb12 — 42a2b4Kb12 + 78a3b4Kb12 + 42ab5Kb12 — 36a2b5Kb12
—|—6a3b2a22b12 - 24a2b3a22b12 + 18ab4a22b12 + 18a2b4a22b12 - 6a3b4a22b12
718ab5a22b12 + 6a2b5a22b12 + 6a2b%b12 + 60,3[)%1712 — 12abb%b12

—24a2bb%b12 - 12a3bb%b12 + 36ab2b%b12 + 36a262b%b12 - 36ab3b%b12
—18a3b1b2b12 + 36a2bb1b2b12 + 18a3bb1b2b12 — 24ab2b1b2b12 — 3Oa2b2b1b2b12
+12a362b152b12 + 12ab3b1b2b12 — 42a2b3b1b2b12 + 36ab4b1b2b12 + 18a3bbgb12
—30a2b2b2by15 — 48a3b2b2bys + 24ab3b2bs + 66a2b3b2b1s + 24a3b3b2bys
736(11)4[)%1)12 - 18a2b4b§b12 - 6a2bb11b12 - 6@3bb11b12 + 6&b2b11b12
—|—30a2b2b11b12 + 6a3b2b11b12 - 246Lb3b11b12 - 24a2b3b11b12 + 18ab4b11b12
+18a3bb2, — 42026203, — 24a3b2b2, + 24ab3b2, + 48a2b3b2, + 643033,
—24ab4b%2 - 6a2b4b%2 + 6a4b2Kb22 - 24a3b3Kb22 + 18a2b4Kb22 + 18a3b4Kb22
—6a*b* Kbay — 18a2b° Kbag + 6a3b° Kbay — 6a®b2bag — 6a*b2bos + 18a2bb2bag
+18a3bb%b22 + 12a4bb%b22 - 12ab2b%b22 - 24a2b2b%b22 — 24@31)21)%[)22
+12ab3b%b22 + 12a2b3b%b22 + 18&4b1b2b22 - 36a3bb1b2b22 - 18a4bb1b2b22
+6a2b2b1b2b22 + 36a3b2b1b2b22 — 12a4b2b1b2b22 + 126Lb3b1b2622 — 6a2b3b1b2b22
+24a3b3b1b2b22 — 12ab4b1b2b22 — 12a2b4blb2b22 + 18a3b2b§b22 — 18a2b3b§b22
—24a3b3b3bay + 6a*b3b3bas + 24a2b*b2bay — 6a3b4b3bay + 6aPbbiybay + 6a*bb1 by
—12(12b2b11b22 — 18a3b2b11b22 — 6a4b2b11b22 + 6ab3b11b22 + 18(12631311()22
+12a3b3b11b22 — 66Lb4b11b22 - 6a2b4b11b22 - 18a4bb12b22 + 48a3b2b12b22
—|—12a4b2b12b22 - 30a263b12b22 - 42a3b3b12b22 + 6a4b?’b12b22 + 30a2b4b12b22
—6a3b4b12b22 — 6a3bb1b112 + 18a2b2b1b112 + 12a3b2b1b112 — 12ab3b1b112
—30a2b3b1b112 + 18ab4b16112 + 6a3b2b25112 — 18a2b3b2b112 - 12a3b3b2b112
—|—12ab4b26112 + 30a2b4b2b112 — 18ab5b2b112 + 6a3bb1b122 + 6a4b616122
718a2b2b1b122 - 18a3b261b122 - 12a4b2b1b122 + 12ab3b1b122 + 24a2b361b122
—|—24a3b3b1b122 - 12ab4b1b122 - 12@2b4b1b122 - 6a3b2b2b122 - 6&4b2b2b122
+18a2b3b2b122 + 18a3b3b2b122 + 12a4b3b2b122 - 12ab4b2b122 — 24a2b4b2b122
—24a3b%bgb1ag + 12abPbobias + 12a26%b3b19g — 6a2bb1bass + 12a2b%b1bgag
—|—6a4b2b1b222 — 6a2b3b1b222 — 12a3b3b1b222 + 6a2b4b1b222 + 6a4b2b2b222
712a3b362b222 - 6a4b3b2b222 + 6a2b4b26222 + 12a3b4b2b222 - 6a2b5b2b222
+6a3b2b1112 - 12a2b3b1112 - 6a3b3b1112 + 6(1b4b1112 + 12(1217461112

—6ab5b1112 - 6a3b2b1122 - 6a4b2b1122 + 12a2b3b1122 + 18a3b3b1122

+6(L4b3b1122 — 6ab4b1122 — 18a2b4b1122 — 12a3b4b1122 + 6(lb5b1122 + 6a2b5b1122
—|—6a4b2b1222 — 12a3b3b1222 — 6a4b3b1222 + 6a2b4b1222 + 12a3b4b1222
—6a2b5b1222 — 15a,3b2b1K1 + 24a2b3b1K1 + 9a3b361K1 — 9&b4b1K1 — 12a2b4b1K1
+3ab5b1K1 - a3b2b2K1 + 29a4b2b2K1 + 2a2b3b2K1 - 75&3b3b2K1 - 29a4b3b2K1
—(Lb4b2K1 + 69a2b4b2K1 + 82a3b4b2K1 — 23ab5b2K1 — 83a2b5b2K1 + 30ab6b2K1
+7a3b2b1K2 + 7a4b2b1K2 - 8a2b3b1K2 — 21a3b3b1K2 — a4b3b1K2 + ab4b1K2
+15a2b4b1K2 + 2(13b4b1K2 — ab5b1K2 — a2b5b1K2 — 27a4b2b2K2 + 780,3b3b2K2
—|—21a4b3b2K2 — 81a2b4b2K2 — 66a3b4b2K2 + 30ab5b2K2 + 75a2b5b2K2
73Oab6b2K2 - 6a3b3K11 + 12a2b4K11 + 6a3b4K11 - 6ab5K11 - 12&265K11
+6ab6K11 + 6a3b3K12 + 6a4b3K12 — 12a2b4K12 — 18@364K12 — 6@4b4K12
+6ab5K12 + 18a2b5K12 + 12a3b5K12 - 6abGK12 - 6a2b6K12 — 6a4b3K22
+12a3b4K22 + 6a4b4K22 — 6a2b5K22 - 12a3b5K22 + GCLZbGKQQ));
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Js =

—6(—1+b)b?(6a® — 6a(1 + b) — b(1 + b) + 2a(1 + b)?)a3az

—2ba3 (—3(—1 + b)b(—b?(5 + 2b) 4+ a3(10 + 7b) + ab(12 + 11b + 4b?)
—a?(8 + 19b + 10b%))a3 — a(—1 + b)b(a(3a® + a(4 — 17b)

(3 — 4B)b + a(—6 + 9b + 862))K + 3(6a® — 6a2(1 + b) — b(1 + b)

+2a(1 +b)?)arz — 3(2a3(1 +b) — b*(1 + b) — 2a%(1 + 2b + 2b?)

+ab(3 + 3b + 2b2))age) + 3aasz((b+ a?(7 — 12b)b — 203 + a3(—2 + 4b)
+a(l —8b+ 7b% + 4b%))by + b(—(—2 + b)b? + a®(—6 + 4b)

(34 7b— 50%) + a(l — 6b — b% + 25%))by))

—a1(—6(—1+ b)b3(a®(—13 + b) + 6b> — 2ab(7 + 4b) + 2a*(5 + 9b))a3
+6aba2((a®(3 — 6b) + 262(—2 + 3b) + ab(7 — 5b — 9b?)

+a?(—2 — 5b + 14b% + b3))by + b(2(—2 + b)b? + ab(8 + 3b — 4b?)

+a3(10 — 8b + b%) + a?(—8 — 5b + 4b* + b3))bz)

+2aas(—21a®b?K + 20a*b*K + 350?03 K + 14a3b3 K — 39a*b* K
—17ab* K — 70a*b* K + 50a3b* K + 19a*b* K + 39ab® K + 14a’b° K
43635 K — 22ab°K + 21260 K — 3(—1 + b)b%(6a® — b(1 + 2b)

—3a2(2 + 3b) + a(1 + 8b + 3b2))ay1 + 3(—1 + b)b*(—2b%(4 + b)

+2a3(7 + 4b) + ab(19 + 15b + 4b?) — a?(12 + 27b + 11b?))a12 — 27a%b3ass
+30a3b3a22 + 45ab4a22 — 21&2b4022 — 33a3b4a22 — 18b5022 — 27ab5a22
+51a%b%agy + 3a3bPags + 18b%ags — 18ab%agy — 3a2b%agy + 3a2b§ — 3a4b%
—6abb? — 6a%bb? + 6a3bb? + 6a’bb? + 18ab?b? — 18a3b*b? — 18ab>b3
+18a2b3b% — 9a3b1b2 + 9a4b1b2 + 18a2bb1b2 — 18a4bb1b2 — 12ab2b1b2
—30&2b2b1b2 + 30a3b2b1b2 + 12a4b2b1b2 + 24ab3b1b2 — 240,3b3b1b2
—9ab*b1by + 9a2b*b1 by + 6a2b%b3 — 6a*b?b3 — 18a2b3b3 + 18a°b3b3
—|—3ab4b§ - 3a3b4b§ - 3a2bbll + 3a4bb11 + 3ab2b11 + 12a2b2b11 - 12a3b2b11
—3a4b2b11 - 12ab3b11 + 12a3b3b11 + 9ab4b11 - 9a2b4b11 + 9a3bb12 - 9a4bb12
—21a?bb12 + 21a*b?b1o + 12abPbyg + 30a2b%b1a — 30a®b>b12 — 12a*b3byo
—21ab*by5 + 21a3b*b15 + 9abb1a — 9a2b%b1o + 9a3b2bgy — 9a*b2bgs
—12a2b3b22 + 12a4b3b22 + 3ab4b22 + 12a2b4622 — 12a3b4b22 — 3&4b4b22
—3ab%bas + 3a3°bas) + a2b(6(—1 + b)b(3a® — b2 + ab(3 + 2b)

—a2(2+ 5b))anz — 6b(b? — bt + 2a3(—1 + b2) + a?(2 + 2b — 4b%)

+ab(—3 + 5%+ 2b3))a122 + 6a2b2a222 — 6a3b2a222 - 12ab3a222 + 6a2b3a222
+6a3b3a222 + 6b4a222 + 6ab4a222 — 12a2b4a222 — 6b5a222 + 6ab5a222
—|—6a2Kb1 — 14&3Kb1 + 2a4Kb1 + 6abKby — 6a2be1 + 28a3be1
74a4be1 - 28ab2Kb1 - 2a3b2Kb1 + 3Oab‘3Kb1 - 18@2b3Kb1 - 6aa12b1
+12a3a12b1 - 6ba12b1 + 48aba12b1 - 42a2ba12b1 - 24a3ba12b1 - 42ab2a12b1
+72a2b2a12b1 + 12b3a12b1 - 24ab3a12b1 + 6a2a22b1 — 6a3a22b1 — 18abagsby
+6a2ba22b1 + 12a3ba22b1 + 12b2a22b1 + 18ab2a22b1 - 30a2b2a22b1
+34a2b2Kb2 — 18b3a22b1 + 18ab3a22b1 + 6a2be2 — 24613be2 + 6a4be2
74a4b2Kb2 - 16ab3Kbg - 20a2b3Kb2 + 12a3b3Kb2 + 8@b4Kb2 - 2Q2b4Kb2
—6aba12b2 - 18a2ba12b2 + 36a3ba12b2 + 36ab2a12b2 - 42a2l)2a12b2
—2403b%a19by — 12b3a12bs + 6ab3a12bs + 30a2b3ai9bs + 6b%aq2bs
—12ab4a12b2 + 18a2ba22b2 — 18a3ba22b2 — 30&[)2@2252 + 18a2b2a22b2
+12a3b2a22b2 + 12b3a22b2 + 6ab3a22b2 — 18a2b3a22b2 — 6b4a22b2
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+6ab4a22b2 + 9a3bK1 — 3a4bK1 — 24a2b2K1 + 3a3b2K1 + 3a4b2K1

+15ab® Ky + 15a*b° K — 12a°0° K, — 15ab* K 4 9a?b* K — a®bK>

—|—a4bK2 + 8a2b2K2 - 14(1362[(2 - 7ab3K2 + 13a2b3K2 + 13(1363[(2

—a4b3K2 — 20&2b4K2 + 2&3b4K2 + 7@65K2 — a2b5K2))

—a(2(—1 + b)b2a2(3(3a3(1 + b) — 26%(1 + b) + 2ab(2 + 4b + b?)

—a?(2 +9b + 5b%))a11 + b(a(a®(14 — 3b) — 3b* + ab(7 + 4b)

—a?(10 4+ 9b)) K + 3(a®(—13 4 b) + 6b% — 2ab(7 + 4b) + 2a(5 + 9b))a12))
Fabas(6(—1 + a)(a — b)2(—1 + b)bai11 — 6(—1 + b)b(3a3(1 + b) — 262(1 + b)
+2ab(2 + 4b + b2) — CL2 (2 + 9b + 5b2))a112 + 24a2b2a122 - 3Oa3b2a122
—42ab3a122 + 30a2b3a122 + 30a363a122 + 18b4a122 + 18ab4a122 - 54@2174@122
—18b%ay90 + 24ab®aion — 203 Kby + 8a* Kby + 12a2bK b, — 20a>bK b,
—16a4be1 — 4ab2Kb1 + 34a3b2Kb1 + 6ab3Kbl — 24a2b3Kb1 + 60,3b3Kb1
—6a2a11b1 + 6a3anbl + 18aba11b1 — 6a2ba11b1 — 12a3ba11b1 — 12b2a11b1
7180,[)2(1111)1 + 3Oa2b2a1161 + 1863a11b1 - 18ab3a11b1 + 12a2a12b1

—18a3a12b1 - 42(1()0,12(71 + 30a2ba12b1 + 36a3ba12b1 + 24b2a12b1

+30aba12b; — 84a2b%a19b; — 36b3aqaby + 54ab3ai9b; — 6a2b3ai2b;
—18a®bK by + 30a*bK by — 2a%b? Kby — 28a*b?> Kby — 4ab® Kby + 28a?b3 Kby
—6a3b3Kb2 + 6a4b3Kb2 + 2ab4Kb2 — 14a2b4Kb2 + 6a3b4Kb2 — 18a2ba11b2
+18(13b(111b2 + 30ab2a11b2 - 18a2b2a11b2 — 12a3b2a11b2 — 1263a11b2
760,[)3(1111)2 + 18a2b3a11b2 + 6b4a11b2 - 6ab4a11b2 + 48a2ba12b2 - 60a3ba12b2
—48ab2a12b2 + 30a2b2a12b2 + 48a3b2a12b2 + 24b3a12b2 - 18ab3a12b2
—24&2530,12[72 — 6a3b3a12b2 — 12b4a12b2 + 24ab4a12b2 — 6@2[)4@1252

+a’bK, — Ta*bK; — 20?02 K + 20a*b2° K, + ab® K, — 13a*0° K, — 13a®0° K,
+7a4b3K1 + 14a2b4K1 — 8a3b4K1 — ab5K1 + a2b5K1 — 9a3b2K2 + 15a4b2K2
+12(12b3K2 - 15a3b3K2 - 15a4b3K2 - 3(1b4K2 - 3a2b4K2 + 24a3b4K2
+3ab° Ky — 9a2b°K>) 4 6(—1 + a)a((—1 + b)b2(—3b2 — a2(4 + b) + ab(7 + b))a,
+(a — b)(—l + b)b2a11(a(1 +a— 3b)K + (—1 + 3a — b)a12 - (a — b)(l + b)agz)
+a1a((—1 4 b)b*(—a?(=5 + b) + a(—8 + b)b + 3b*)aza + a((a + a® — 2b — 4ab
—2a2b + 6b% + 6ab® — 6b%)b? + (a?(—3 + 6b — 4b?) + b%(—4 + 8b — 3b?)
+2ab(3 — 7b + 4b?))b1bay + b(b(2a* + b* + a(2 — 6b + b?))b3

—(a—b)(—1 +b)(—(1 + a— 3b)by1 + (a(3 — 4b) + b(—4 + 3b))b12

—b((a(7 — 6b) + b(—6 + 7)) K + (a(—3 + b) + b)b22)))))

+a(5a3b?’ K? — 10a*0> K2 — 10a3b> K2 + 5ab* K2 + 20a?b* K2 + 5a3b* K2
—10ab>K? — 10a20° K? + 5ab° K? — (=1 + b)b3(—a?(=3 + b) + a(—4 + b)b + b*) Kaas
—(CL — b)2(—1 + b)b2a1112 - a262a1122 + 2ab3a1122 — b4a1122 + a2b4a1122 — 2ab5a1122
+b8a1122 + a?b3a1200 — 2ab*a1220 — a?b*a1222 + b a1222 + 2ab”a1a22 — b0a1222
—a2ba112b1 + 3ab2a112b1 + 2a2b2a112b1 - 2b3a112b1 - 5ab3a112b1 + 3b4a112b1
+a2ba122b1 — 3ab2a122b1 — 2a2b2a122b1 + 2b3a122b1 + 5ab3a122b1 - 3b4a122b1
—a’Kb? — a®>Kb? + 2abKb? + 4a*bKb? + 2a°bKb3 — 6ab® Kb? — 6a*b> K b3
—|—6ab3Kb% — 3a2b2a112b2 —+ 5ab3a112b2 + 2a2b3a112b2 — 2b4a112b2 — 3ab4a112b2
+b5a112b2 + 3a2b2a122b2 - 5ab3a122b2 - 2a2b3a122b2 + 2b4a122b2 + 3ab4a122b2
—b5a122b2 + 3G3Kb1b2 - 6a2be1b2 - 6a3be1b2 + 4ab2Kb1b2 + 14a2b2Kb1b2
+4a3b2Kb1by — 8ab® Kbiby — 8a2b® Kby by + 3ab* Kbiby — 2a2b* K b3
—2a3b2Kb3 + 6a?b3Kb3 — ab* Kb3 — a®b* Kb3a?bK b1y + a®bKbyy — ab® Kby
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—5a2b2Kb11 — a3b2Kb11 + 4ab3Kb11 + 4a2b3Kb11 — 3ab4Kb11 — 3(13be12
+7a2b2Kb12 + 7a3b2Kb12 - 4ab3K612 - 14a2b3Kb12 - 4a3b3Kb12 + 7ab4Kb12
—|—7a2b4Kb12 - 3ab5Kb12 - 3a3b2Kb22 + 4a2b3Kb22 + 4a3b3Kb22 — ab4Kb22
—5a2b4Kb22 — a3b4Kb22 + ab5Kb22 + a2b5Kb22 + a3bb1K1 — 3a2b2b1K1
—2a3b2b1K1 + 2ab3b1K1 + 5a2b3b1K1 — 3ab4b1K1 + 3a3b2b2K1 — 5a2b3b2K1
—2a3b3b2K1 + 2ab4b2K1 + 3a2b4b2K1 — ab5b2K1 — a3bb1K2 + 3a2b2b1K2
+2a3b261K2 - 2ab3b1K2 - 5a2b361K2 + 3ab4b1K2 - 3a3b262K2 + 5a2b3b2K2
+2a3b3b2K2 - 2ab4bgK2 - 3a2b4b2K2 + ab5b2K2 - a3b2K11 + 2a2b3K11
+a3b3K11 — ab4K11 — 2a2b4K11 + ab5K11 + a3b2K12 — 2a2b3K12 + ab4K12
—a3b4K12 + 2a2b5K12 — ab6K12 - a3b3K22 + 2a2b4K22 + a3b4K22 — ab5K22
—2026> Ky + b K)))
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