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Abstract

We prove that any planar 4-web defines a unique projective structure
in the plane in such a way that the leaves of the foliations are geodesics
of this projective structure. We also find conditions for the projective
structure mentioned above to contain an affine symmetric connection, and
conditions for a planar 4-web to be equivalent to a geodesic 4-web on an
affine symmetric surface. Similar results are obtained for planar d-webs,
d > 4, provided that additional d — 4 second-order invariants vanish.

1 Introduction

In this paper, which is a continuation of the paper [1], we study geodesic webs,
i.e., webs whose leaves are totally geodesic in a torsion-free affine connection.

We study in detail the planar case and prove that any planar 4-web defines
a unique projective structure in the plane in such a way that the leaves of the
foliations are geodesics of this projective structure. We also find conditions
for the projective structure mentioned above to contain an affine symmetric
connection, and conditions for a planar 4-web to be equivalent to a geodesic
4-web on an affine symmetric surface.

Similar results are obtained for planar d-webs, d > 4, provided that addi-
tional d — 4 second-order invariants vanish.

We also apply the obtained results to a surface of constant curvature and to
the linear webs. This allows us to prove the Gronwall-type theorem (see [7] and
[5]) and its natural generalizations in the case of geodesic webs.

For this, first, we find necessary and sufficient conditions for the foliation
defined by level sets of a function to be totally geodesic in the torsion-free con-
nection. This brings us to what we call the flex equation. The flex equation
possesses the infinite-dimensional pseudogroup of gauge symmetries. Factoriza-
tion of the flex equation with respect to this pseudogroup leads us to the Euler
equation as well as to natural generalizations of it. This reduction gives us a
way to solve the flex equation.



Second, we apply these conditions to find a linearity criterion for planar
webs mentioned above. We formulate these conditions by means of the flex
equation(s) and show how to describe linear webs in terms of the Euler equation.

For all these webs we find conditions which web function of a linear web
must satisfy.

2 Linear Connections in Nonholonomic Coordi-
nates

Let M be a smooth manifold of dimension n. Let vector fields 0y, ..., 0, form a
basis in the tangent bundle and let w!,..,w™ be the dual basis. Then

0,01 = cion
k
for some functions cfj € C>® (M), and

dw® + Z cfjwi Awl =0.

i<j

Let V be a linear connection in the tangent bundle, and let Ffj be the Christoffel
symbols of second type. Then

Vi (05) =Y Th0k,
k
where V; &f Vs,, and
Vl- (wk) = — Z Ffjwj.
J

The covariant differential of a vector field

dy :D(M)—-D(M)o Q' (M),
and the covariant differential of a differential 1-form

dy : Q' (M) — Q' (M) ® Q' (M)
take the following form:

dv (0;) = ZF% @,
k,j

and _ _
dv (wk) =— ZFfij ®w'.
4,J



Remark that if the connection V is torsion-free, then
k k k
sz’ — Fij = Cyj-

For the curvature tensor R = d% : D (M) — D (M) ® Q? (M) one has

R(0:,05) : 0 — Y _ R};0L,
l

where

R%cij =0; (Fé‘k) —0; (Fik> + Z ( ;"/Lcrém - Fimkré'm - CZ’}ank) .

m

3 Geodesic Foliations and Flex Equations
The covariant differential
dy : QY (M) — QY (M) @ Q' (M)

splits into the direct sum dy = dg @ d3 according to the splitting of tensors
into the sum of skew-symmetric and symmetric ones:

QY (M) Q' (M) =Q* (M) S*(M).

Then the connection is a torsion-free if and only if the skew-symmetric compo-
nent coincides with the de Rham differential:

C=d: Q' (M) - Q*(M).

In the nonholonomic coordinates the symmetric component d3, has the form
d3 (wk) = — fojwi cwd
2]

where - means the symmetric product of differential 1-forms.

Lemma 1 The foliation defined by a differential 1-form 6 is totally geodesic in
the connection V if and only if

4% (0) = a N, di(6) =30
for some differential 1-forms o and (.

Proof. See Proposition 2 in [1]. O

Corollary 1 The foliation defined by a differential 1-form 6 is totally geodesic
in the torsion-free connection V if and only if

d3, (0) =50
for a differential 1-form (.



Corollary 2 The foliation defined by level sets of a function f is totally geodesic
in the torsion-free connection V if and only if the quadratic form

vd(f) € 5% (M)
vanishes on the level sets f = const.

Lemma 2 Assume that differential 1-forms T, ..,7, are linearly independent
on M. A quadratic form

Q=) Quymi-7
ij
vanishes on the distribution 7 + - - - + 7, = 0 if and only if we have
Qii + Qj; = 2Qy;
for all i, j.

Proof. One has

D Quri-Ti= (A7) (@ 4+ waT)
i

for some functions 1, ..., Ty.
Then 2QU =x; + Zj. Takmg = j, we get xTr; = Qii7 and then Qu + ij =

Now we apply this lemma to the quadratic form Q = dgd (f) and 7, = fiw?,
where f; = 9; (f). We have

df =) fiw' =3 7

and

dy (df) = dy <kawk> = kad% (W) + dei oy
% i

k
= — Z fk].—‘i-cjwi Y + Z@l ((% (f))wl Wl
,J

4,3,k

=>. <81- @5 () = > _Tkow (f)) Wl
ij .

= . ) k; T 'Tj

- 2; <8Z (f) zk;r”fk> T

In other words,

0 0 () e ey S
2Qy T ;(F” IR




In what follows we shall assume that the connection V is torsion-free, 0; =
%, in some local coordinates, and as a result I';, =T ..
Summarizing, we get the following result.

Theorem 3 The foliation defined by level sets of a function f is totally geodesic
in the torsion-free connection V if and only if the function f satisfies the fol-
lowing system of differential equations:

F(fi =Y TE i) = 2fifi(fi5 — Zr i) + RS - ZF Ji)=0 (1)
k

for all i < j, where

fij = (0i(f5) + 0;(f:))/2.

We call such a system a flex system.

Consider a d-web Wy, d > n + 1, formed by the level sets of functions
falz, o hyzpn),a=1,...,d.

The web Wy is said to be a geodesic web if the leaves of all its foliations are
totally geodesic.

Corollary 4 A web Wy is geodesic if and only if conditions (1) are satisfied for
all web functions fo(z1,...,Tn), a0 =1,...,d.

The conditions for a planar 3-web to be geodesic were found in another form
in [3].

In dimension n = 2 we get the only one differential equation which we have
named the flex equation (see [5]) for the case of flat connections:

f2 (fu-T1 fi-T3 f2)=2f1f2 (fio—Tlafi—Thafo) + 2 (foo—Taa f1—T35f2) :(0)-
2

In what follows, we shall often use the following definition.

Definition 1 The flex of a function f(x,y) is

Flexf:fjfm_wafyfocy'i'fg?fyy:_det Jey  Jyy  Jy
fo Sy O

4 Factorization of Flex Equation and Euler Equa-
tion

The flex equation possesses the infinite-dimensional group of gauge symmetries
of the form

fr—2(f)

for any diffeomorphism @ : R —R . Factorization of this equation with respect
to this pseudogroup leads us to the classical Euler equation as well as to some
generalizations of it.



In order to factorize the flex equation, we define the function

ot
Ja
which is the first-order differential invariant of the gauge pseudogroup.
Indeed, we have:
ey £y

o(f), fo

and the flex equation can be rewritten in terms of this invariant as follows:

dyw — wiyw = 17w — 33,w? — 3w + 113,
where

1

1
H%Q = 1%2, H%z = _*<F52 - 21‘%2)’ H%z = _3

3 (Fh - 2F%2)7 H% = F%1

are the Thomas parameters (see [9]).

We call the above equation FEuler’s equation associated with the connection
V.

Given Cauchy data w(z,0) = wg(x), one can solve the above Euler equation
by the standard method of characteristics, and then find the function f (x,y)
as a first integral of the vector field:

Oy — w0y.

5 Geodesic 4-Webs and Projective Structures
Let us rewrite equation (2) as follows:
3o f7 — 31, ff fo — 31Ty f1 f3 + 113, f3 = Flex f. (3)

Note that equation (3) appeared also in the paper [6], where the author
studied the general theory of systems of linear second-order PDEs.

We shall consider equation (3) as a linear equation for the components H; &
of the connection. N

Remind that two affine connections, say V and V, are projectively equivalent
if there is a differential 1-form p such that

Vx(Y) = Vx(Y) = p(X)Y + p(Y)X

for all vector fields X and Y (see, for example, [8], p. 17).

A projective structure on a manifold may be defined as a class of projectively
equivalent affine connections.

The coefficients Hfj completely determine the equivalence class of the con-
nection given by (T'%,).



Assume that a geodesic 4-web is given by web functions

f1(177y),fQ(m,y),f3($,y),f4(I7y)-

Then equation (3) gives the following linear system with respect to the
Thomas parameters (or the so-called projective connection):

I, [P 1 — 3o /1 fre — 310 fr1fPa + 113, f7 5 = Flex fi,
55 f51 — 3Miof5 1 foo — 3135 fo,1 f30 + 1171 f3 5 = Flex fo,
H%2f§,1 - 3H%2f32,1f3,2 - 3H%2f3,1f§,2 + H%1f§,2 = Flex f3,
3o f3 1 — 3o f3 1 fa2 — 313 fa 1 f2 o + T3, f2 5 = Flex fiy.

Solving system (4), we get

. H Jr2
I, = Z H’“? Flex f;,
1) k

. (5)

. I fx

2, = b7 Flex f;;
1= ZHJfla 7o) ex fi;

k#i

> fea [T fi2
sl k#i 14k Flex f.,
IQEQHJWM)GM
m#£i (6)
S e [ fia
3H12 _ Z k#i l#i,k Flex fi7

i=1 Hszvm

m#i

fin fi2
Ifo gy =den (B2 )
is the Jacobian of the functions f;(z,y) and f;(z,y). Note that in the planar
case we have 13, = —I1}, and II}; = —I1%,. Thus, formulas (5) and (6) give all
Thomas parameters H;k.

Remark that system (4) is invariant with respect to the gauge transforma-
tions f; — ®;(fi), ¢ = 1,2,3,4, and therefore, solutions (5) and (6) do not
depend on functions {f;}, but they are completely determined by the geodesic
4-web.

Summarizing, we get the following result.

where



Theorem 5 Any planar 4-web defines a unique projective structure in the plane
in such a way that the leaves of the foliations are geodesics of this projective
structure.

This theorem allows us to get the following Gronwall-type theorem (see [7]).

Corollary 6 Any diffeomorphism sending a planar 4-web Wy into a planar 4-
web Wy is a projective transformation of the corresponding projective structures.

6 Geodesic Webs and Symmetric Projective Struc-
tures

We say that a projective structure is symmetric if the class of projectively
equivalent affine connections contains an affine symmetric connection.

Let us consider the case when the projective structure determined by a 4-web
is symmetric. Then VR = 0 for some affine connection from the class.

Denote

Tiy =0, a=T% — 2T, §=T — 2%, [, =7 (7)

Then
I, =27+, 3, =20+ a. (8)
In order to simplify formulae, we choose coordinates x, y in the plane in such

a way that fi(z,y) =z, f2(z,y) = y.
Then (5) gives

F%l = Ov F%2 = Oa (9)
and (6) becomes
_ JayFlex fs f3,Flex fu 5= _ JaaFlex f3 n J3,0 Flex fa (10)
VERTERTAN fapfayA NERTERAN faxfayD '’

where
A= faafay — fayfaa
By a straightforward computation, one can find the components of the cur-
vature tensor R (V) = {R};,} of the connection :

Oy — 27y — By + 0T —oy+0?+oa
Te — T2 =703 20, =Ty + oy —oT|

Computing components of VR, we get the following system of differential
equations for components 7 and o:

=27 +0)oy — 201, — 37+ B)(21y + By) + 20727 + ),
Oy —2Tyy — Byy = Bo+a)o,— (To+2a)1y — (3o + )8y — 270y +207(20 + ),
Oz +2030 —Toy =BT+ B+ (T7+208)0, +207, — 37+ 8)1y —207(27 + ),
_ (3o +a)

3o+ a)ay, +2B0+a)o, — 20+ a)ry + 270, —207(20 + @),
(11)

Ogx — 2 Ty — ﬂry

Qzy + 202y — Tyy



and

Tox =287+ 87 +78:, — 27272 + 376 + 3?),

Toy =T0g+ T+ 37+0)1y +270,+207, —207(27 + ),
Ozy = Bo+a)o, +200,+ 0Ty +270,+ 06, —207(20 + @),
oyy =320+ a)o, —20a*+3a0, +oa, —20%(20 4 3).

(12)

Consider a system consisting of the first and the last equations of (11)
and (12). Solving this system, we find all second derivatives 7,4, Tay, Tyy and
Ozas Oxy, Oyy in terms of a, 8,0, 7 and first-order derivatives of o and 7 :

Ope =207+ AT+ B)oy + (71— B)By + 2Ty + Buy — 20727 + ),

Ozy = Bo+a)oy,+200,+01y+270,+ 08y —207(20 + ),

oy =320+ a)o, +oa, —20(a? +20%+30q),

Tow =327+ BT +78:, —27(8%+ 272+ 373),

Toy =TO0g + Tz + 37+ 0B)1y +2(70y + 072) —207(27 + 3),

Tyy = (0—a)ay+ Ao+ a)r, +2(roy + 08y) + agy —207(20 + ).

(13)

Substituting these expressions into the second and third equations of (11), we
get the following relations for o and 3:

Qgy + 2ﬁzy = Ba, + 256_1/7

(14)
20y + Byy = 200, + afy.
Remark that for affine symmetric connections we have tr R = 0, and it is easy
to check that this is the only compatibility condition for system (13) under
conditions (14) for « and (.
Moreover, adding the condition tr R = 0, or

oy — By +3(0, — 1) =0, (15)

does not produce any new compatibility condition.

In other words, assuming conditions (14) for o and (3, the PDE system of
equations (13) and (15) with respect to o and 7 is a formally integrable system of
finite type. It is easy to see that the solution space of the system has dimension
5.

Summarizing, we arrive at the following result.

Theorem 7 (i) The projective structure defined by a planar 4-web is symmetric
if and only if conditions (14) hold.

(ii) A planar 4-web given by functions {x,y, f3(x,y), fa(z,y)} is locally equiv-
alent to a geodesic 4-web on an affine symmetric surface if and only if
conditions (14) hold for the functions « and 8 defined by equation (10).



Remark 1 If a planar 4-web satisfies conditions of the above theorem, then
there exists a 5-dimensional family V,, t € R, of affine symmetric connections
such that all leaves of the web are geodesics for V. Take one of them, say Vy,.
Then for cases R(Vy,) # 0, if det R(Vy,) > 0, then the 4-web is equivalent to
a geodesic 4-web either on the standard 2-sphere or to a geodesic 4-web on the
Lobachevskii plane. If det R(Vy,) < 0, then the 4-web is equivalent to a geodesic
4-web on the de Sitter plane. If det R(Vy,) = 0, then the 4-web is equivalent
to a geodesic 4-web on the affine torus or on the Klein bottle (see, for example,

[4])-

7 Planar Geodesic d-Webs and Projective Struc-
tures

Consider now a planar d-web Wy defined by d web functions f,(z,y), a =
1,...,d. Such a web has (Z) 4-subwebs [a, 3,7, €] defined by the foliations X, X3,
Xy, and X¢, o, 3,7,e =1,...,d.

If a d-web W, is geodesic, then each of (Z) its 4-subwebs [« 3,7, ¢] is also
geodesic, and by Theorem 8, each of them determines its own unique projective
structure. These d — 4 projective structures coincide with a projective structure
defined by one of them, let’s say, by the 4-subweb [1, 2, 3, 4], if d—4 second-order
invariants given by the flex equations vanish.

Thus we have proved the following result.

Theorem 8 (i) A planar d-web, d > 5, defined by web functions < fi,..., fa >
is geodesic if and only if the functions fs, ..., fq satisfy flex equations (3),
in which the components 113,,113,, 11}, and [13, are given by formulae (5)
and (6).

(ii) A planar d-web, d > 5, defined by web functions < x,y, f3,..., fa > is
locally equivalent to a geodesic d-web with respect to a symmetric projective
structure if and only if the d—4 conditions for geodesicity mentioned above
are satisfied and, in addition, conditions (14) hold.

Remark 2 Theorem 4 shows that one has d—4 second-order conditions on web
functions and two more fourth-order conditions to have a geodesic d-web in a
symmetric projective structure.

8 Planar Linear Webs

In what follows, we shall use coordinates x, y on the plane in which the Christof-
fel symbols F; . vanish. We shall assume that a d-web Wy is formed by the level
sets of web functions fi(x,y), fo(z,y),....., fa(z,y).

The following theorem, which immediately follows from formula (3), gives a
criterion for Wy to be linear in the coordinates x,y.

10



Theorem 9 The d-web Wy is a linear if and only if the web functions are
solutions of the differential equation

Flex f =0. (16)

Note that in algebraic geometry the linearity condition Flex f = 0 is also
the necessary and sufficient condition for a point (x,y) to be a flex of the curve
defined by the equation f(z,y) = 0. Here, in (16), Flex f = 0 is the equation
for finding the function f(z,y) (it should be satisfied for all points (x,y)). This
is a reason that we call equation (16) the flex equation.

We shall show how to integrate flex equation (16). The main idea of inte-
gration is that the factorization of the flex-equation Flex f = 0 with respect to
the diffeomorphism group produces an Euler equation.

Namely, as we have seen, passing to the differential invariant w = Lo

Ty
us to reduce the order of the equation. Let us rewrite the flex equation in the

” (7)- () (5) = ””

Then integration of the flex equation is equivalent to solution of the following
system:

allows

O f —woyf =0.
The first equation of the system

{ 0w —wlyw =0,

0w — wOyw = 0

is the classical Euler equation in gas-dynamics.

Solutions of this equation are well-known. Namely, if wo (y) = w|,_, is the
Cauchy data, then the solution w(z,y) can be found from the system

{y—i—wo()\)x—/\ 0,

0

(18)

’LU(.’I?,y) — Wo ()‘>

by elimination of the parameter .

Further, if w is a solution of the Euler equation, then the functions w and
[ are both first integrals of the vector field 9, — w0, and therefore, f = ®(w)
for some smooth function ®.

Summarizing, we get the following description of web functions of linear
webs.

Proposition 2 The web functions fi(z,y), f2(x,y), ..., fa(z,y) of a linear d-
web have the form

fl(xay) = q)l(wl(xvy))ﬂ fQ(xay) = @2(w2(x,y)),..., fd(xay) = <I>d(’wd(‘ray))v

where w (z,y), wa(x,y), ..., wq(x,y) are distinct solutions of the Euler equation,
and ®1, P, ..., Dy are smooth functions.

11



In particular, using the gauge transformations, we can take

fl(xay) = wl(x’y)7 f2($’y) = wQ('r’y)v""’ fd(xvy) = U}d(l‘,y).

Therefore, the above proposition yields the following description of web func-
tions for linear d-webs.

Theorem 10 Web functions of linear d-webs can be chosen as d distinct solu-
tions of the Euler equation.

Example 11 Assume that for a linear 3-web we have fi(x,y) = z, fo(x,y) =
y and f3(z,y) = f(z,y). Taking wo (y) = —2/—y, we get from (18) that w =
—2(x + /22 —y) and [ = x + /2% —y. The leaves of the third foliation are
the tangents to the parabola y = x2.

Example 12 Assume that for a linear 5-web we have f1(x,y) = x and fo(z,y) =

y. Taking (ws)o(y) = —2v/=y, (wa)o(y) =y and (ws)o(y) = 2y, we get the lin-
ear 5-web with remaining three web functions

Vo y+1 Yy
f3:$+ 1'2_7f4:m7 f5:

The last three foliations of this 5-web are the tangents to the parabola y = x>
(see Example 11) and the straight lines of the pencils with the centers (1,—1)
and (3,0).

9 Geodesic Webs on Surfaces of Constant Cur-
vature

Theorem 13 Let (M,g) be a surface of constant curvature with the metric

tensor
dz? + dy?

T (o2 )
where k is a constant. Then the level sets of a function f(x,y) are geodesics of
the metric if and only if the function f satisfies the flex equation

2k (xfe +yfy) (fa% Jrfi)
1+ k(22 +y?)

9= (19)

Flex f = . (20)

Proof. It is easy to see that the Christoffel symbols F;k are the following

].—‘%2 = I‘%Q == ]‘—‘%1 = _].—‘%1 = _21‘€$2b7

I} =13 =T%, = —Ti, = —2ka1b,

where
1

- 1+ k(22 +y?)

12



Substituting these values into the right-hand side of formula (1), we get
formula (20). O

Remark that functions of the form f(z,y) = ® (£) are solutions of the flex
equation, and therefore the level sets of these functions are geodesic.

As we have seen (see Theorem 4), a geodesic d-web uniquely defines a pro-
jective structure provided that d — 4 additional second-order invariants vanish.
This leads us to the following Gronwall-type theorem (cf. Corollary 4):

Theorem 14 Suppose that Wy, d > 4, is a geodesic d-web given on a surface
(M, g) of constant curvature for which d — 4 additional second-order invariants
vanish. Then any mapping of Wy on a geodesic web Wd s a projective trans-
formation.

Proof. We give an alternative proof. By Beltrami’s theorem (see [2]), the
surface (M, g) can be mapped by a transformation ¢ onto a plane, and the
mapping ¢ sends the geodesics of (M, g) into straight lines. Thus the mapping
¢ linearizes the webs W, and Wd. In [5] (see Remark on p. 99) it was proved
that for d > 4 the Gronwall conjecture is valid, i.e., there exists a unique
transformation sending Wy and Wy into linear d-webs, and this transformation
is projective. The mapping of Wy onto Wy induces a transformation of the
corresponding linear d-webs. The latter transformation is projective. As a
result, the mapping of W, onto W, is also projective. O

10 Geodesic Webs on Surfaces in R?

Proposition 3 Let (M, g) C R3 be a surface defined by an equation z = z(x,y)
with the induced metric g and the Levi-Civita connection V. Then the flex equa-
tion takes the form

Zg [z + nyy( 2

Flex f = yzww - 2fa:fyzwy + szZyv) (21)

B T+22+27

Proof. To prove formula (21), note that the metric induced on a surface
z=z(z,y) is

g=ds*=(1+23)dz® + (1 + zi)dy2 + 22,2y dxdy.

Computing the Christoffel symbols, we get that

- iz rLo—7pl — Rxlry 1 _ Rz lyy
11 — ) 12 — +21 — 22 ’
1+z£+z§ 1+z§+z§ 1+z§+z§

2. — ZyZax 2. —r2 — RyZay 2 _ Rxlyy
1= y L1 =191 = y Log = .
L+ 22 + 22 1+22 + 2 1423 + 25

Applying these formulas to the right-hand side of (2), we get formula (21). O

13



For example, functions of the form f(z,y) = ® (%) are solutions of the

flex equation if and only if the function z (x,y) satisfies one of the following
equations:
Y2z — Tzy = 0,

or

The general solution of the first equation have the form z = Q(x? + y?), and
of the second one z(z,y) = x¥(%) 4+ ©(%), where Q(a), ¥(a) and O(a) are
arbitrary smooth functions.

If we assume that the foliations {x = const .} and {y = const .} are geodesic
on the surface z = z(z,y), then the flex equation gives z,, = 2, = 0, and
therefore z = axy + bx + cy + d for some constants a, b, ¢, and d, and formula
(10) takes the form

2afy fy((ay + b) fu + (azx + c)fy).

Fl =—
ex f 1+ (ay +b)2 + (azx + ¢)?
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